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L. INTRODUCTION

Murthy[1] introduced F-set in order to prove Axiom of
choice for fuzzy sets whichis nottrue forL -fuzzy s ets
introduced by Goguen[2]. In the paper[3], Tridiv discussed
fuzzy complement o f an extended fuzzy subset and proved
De Mo rganl aws etc. The ex tended F uzzy sets T ridiv
considered contains the membership value @, (x) — u,(x).
—u,(x),a termis inthis expression willnotbein the
interval [ 0,1].Also th ey d iscussed s imilar results in [ 4].To
answer this incomprehensiveness, we introduced the concept
of Fs-set and developed the theory of Fs-sets in this paper .
The object of this theory is to introduce Fs-complement of a
Fs -subset similar to fuzzy complement of a fuzzy set, so
that the De Morgan laws which are cal led t he Fs- De
Morgan laws in the new theory are to be proved.

The membership values of Fs-set and Fs-subset lie in a
complete B oolean al gebra[5] and we define F s-union, F s-
intersection, F s-complement and proved c ollection o fall
Fs-subsetsis a complete | attices u nder Fs-union a nd F s-
intersection. We d enote Fs-unionandcrispsetunionby
same s ymbol U and similary Fs-intersection and crisp s et
intersection by the same symbol N.Distribution la ws h old
partially . We stated Fs-De M organ laws and proved one of
the F s-De M organ 1 aws i s true [2.7(ii)] and o ther F s-De
Morgan | aw was c onditionally true[2.7(i)]. We denote the
largest el ement o fa co mplete B oolean algebra La[1.1]
byM,,the complement of b in L, by b°. For any crisp subset
B, the usual s et complement o fB,isdenotedby B¢ and
B¢ U A is denoted by C4B .Complete Boolean al gebras in
this p aper are generally represented by s uitable d iagrams.
.For all la ttice th eoretic properties a nd B oolean algebraic
properties w e refer S zasz [6], Garret B irkhoff]7],Steven
Givant * Paul Halmos[5] and Thomas Jech[§]
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II. THEORY OF FS-SETS

A. Fs-set:
Let U be a universal set, A; € U and let ASU be non-
empty. A four tuple A = (A1 AA (,ulAl ,‘UZA), LA) is said
be an Fs-set if, and only if
(1) Ac A
(2) L,is acomplete Boolean Algebra
(3) M1a,: A1 = Ly, ppa: A — Ly ,are such that
~ M1A1|A 2 Uzg ~
(4) A:A— L, is defined by Ax = py4,x A (pz4x )€, for
ecachx € A

B. Fs-subset
Let A=(Ay, 4, A(p14, H24), La) and
B:(Bl, B, E(Mwl,#zs), LB) be a pair of Fs-sets. B is said to
be an Fs-subset of A, denoted by BEA, if, and only if
a. B, S A, ACB
b. Lg is a complete subalgebra of L, or Lg<L,
€. Map, < Ma,|Byr,and pop|A = pioy

C. Proposition:

Let B and A be apairofFs-sets suchthat BS A .
Then Bx < Ax is true for each x € A

The p roof f ollows from thed efinitionso fF s-
subset, Bx and Ax .

a. Example: 1
LetA; ={a;a,},A={a;},Ly= a B
0 Fig-1

Hia,(@1) = Tand pya, (@z) = 0 = ppalay)
« Aay=pya, (@) A(Kza(a1) )°=1A0°=1A1=1
Then A = (A; A, A (p14, ,ﬂzA): L,) is an Fs-set
Again s uppose B;={a;} ,B ={a;}, Lp = Ly, H1B1(a1) =
1' HZB(al):O

~ B(ay) = wp, (@) A(zp(@))  =1A0°=1A1=1
Then B= (B,, B, B(1t1p, #25), L) is an Fs-subset ofA
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D. Definition:

Fors ome Ly, sucht hat Ly <L, afourtuple X =
(Xl, X, )?(ulxl, #2X): LX) is not an Fs-set if, and only if

()X £ X; or

(b) U1x,x £ Upxx, for some x € X N X,

Here onwards, any object of this type is called an Fs-
empty set of first kind and we accept that it is an Fs-subset
of B forany B € A.

Definition: An Fs-subset y:(yl, Y, }7(u1y1, uzy), Ly) of A,
is said to be an Fs-empty set of second kind if, and only if
@) V1=Y=A4
b)Y Ly <L,
c) ¥=0
a. Remark:

We denote Fs-empty set of first kind or Fs-empty set of
second kind by ®_jand we prove later (1.15), ® 4 is the least
Fs-subset among all Fs-subsets of A.

E. Definition of equality of two Fs-sets:

Let By = (By1, By, Bi (g, H2s, ), Lp,) and B, =

(B2, B2, B2 (145, 28, ), L, ) be a pair of Fs-sets. We say
that Byand B, are equal, denoted by B; = B, if, only if
(1) Byy = Byp, By = B,

() L31 = LBZ

3 @ (#1311 = WUiB,, and Hzp, = U2B, ) ,or(b) B; =B,
a. Remark:

Wecan eas ilyo bserved that3 (a)an d3 (b)n ot
equivalent statements.

b. Example:

Let A=(Ay, A, A(p14,, 24), La). Where
A; ={a,b,c},A = {a},wherelL, = Lg is the ﬁg 1. 1
U1a,: A1 — Lyis givenby py,, =1 a;
UpatA — Ly is given by pps =0 a

A:A — L, is given by, Ax = Haa, X A (Upax)€ = TAOC =

B=(By, B, B(t1,, 28 ), L)

Bl = {a,b},B = {a} ’LB = LA

Mip,i By — Lp is givenby pyp = a;

M2p: B — Lg is given by ppp = @y

B:B — Lgis glven by Bx = ptyp,% A (U2pX)° = az A
(a) = a ABy =

c=(¢y, C.C(ulcl.uzc), L) where C; = {a,b},C = {a},
LC = LA

Hic,: €1 — L¢ is givenby py¢, = B2

Hac: C — L is given bX Uoe = By

C:C — Leisgivenby Cx = pyc, X A (UpcX) = o A
(B =P Naz =74

We can observed that

M1p, # Maic,and ppp # Uy but B=C

F. Proposition:

B, = (311:31'51(#1311'#31)'1431) and
B, = (By2, B2, By(tap,, M5,), Ls,) are equal if, only if
B, € B, and B, € B,
Proof: (=): Part of the proposition.
Let B; = B,. Then we have the following

(1) Byy =Bi; , B1 =B,

(i1) L31 = LBZ
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(iii) (a) (#1311 = W1B,,» H2p, = H2B, ) or (b) By = B,
B, € B, and B, € B;follow from (i),(ii)and(iii)
(<): Part of the proposition.
Suppose B; € B, and B, € B,. Then we have the
following
(1) B;; €EBj;and B; 2 B,
(2) Lg, <Lg,
(3) Mip,,X < fp,,x ,for eachx € By, fpp, X =
Uzp,x for each x € B,
And
(1Y B € By;and B, 2 B
(2") Lg, < Lg,
(3") Hip,,X < Wyp,, X, foreachx € By, , upp, =
Uzg,, for each x € B,
(d’) By; = B;, and B; = B, follow from (1) and (1°)
(€’) Lg, = Lg,, follows from (2) and (2”)
() (#1311 = p,,and fyp = .UZBZ) or B, = By, follow
from (3) and (3”)
Hence B; = B,follow from (d’),(¢’) and (f*)

G. Definition of Fs-union for a given pair of Fs-
subsets of A

Let B=(By, B, B(1t1p, H25), L )and

C= (Cl, (0 (_Z(ulcl, ,uzc), Lc), be a pair of Fs-subsets ofA.
Then,

the Fs-union of B and C ,denoted by BUC is defined as
BUC=D=(D4, D, D(pyp,, H2p), Lp ), where
a.D;=B,UC,,D=BnC

b. Ly = Ly V Lo=complete subalgebra generated by Ly U L.
C. fup,: Dy — Lp is defined by pyp, x = (typ, V #1cl)x_
Uop + D — Lp is defined by p,px = pypXx A tpex and D:

D — Ly is defined by Dx = ptyp xA(t2pX)°

H. Proposition:

BUCis an Fs-subset of A4.
The prove directly follows from the definition of BUC.

I Definition of Fs-intersection for a given pair of
Fs-subsets of 4
Let B=(B,, B, B(1t1p, #25), L) and
C= (Cl, C, C(Hml: ﬂzc), LC) be a pair of Fs-subsets ofcA
satisfying the following conditions:
6] B,nC,2BUC
() g, X A, X = (Hap V Hac)X,for
eachx € A
Then, the Fs-intersection of B and C, denoted by BNC
is defined as
BNC =E=(Ey, E, E(usk,, t2i), L ), Where
(a) E;,=B,nC;, E=BUC
(b) Lg=LgAL;=LgnL;
(¢) Mg, Ey — Lg is defined by pyg, X = pyp, X A plyc, X
Hzg ¢+ E — Lg is defined by popx = (U2p V Hac)x
E: E — Lg is defined by Ex = g, XA(u25%)° .

a. Remark:

If (i) or (ii) fails we define BNC as BNC=P 4 , which is
the Fs-empty set of first kind.
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b. Example:
Let A = (4; A A (14, ‘MZA),LA), where

A, ={a,b,c},A={a} <>
Hia, A1 — Lyisgivenby py =1, Ly=a B

Upa:A — Ly is given by i, =0 0 fig-111
— Cc

A(a) = pya, (@A (.UZA(a)) =1A0¢=1

Let B=(By, B, B(11p, t25), L ), where

Bl = {a, b, C},B = {a}, LB: LA

Mp,iB1 — Lp is given by Hip, (a) = q, Hip, (b) =

1, u1p,(c) =B

H2p: B — Lg is given by p,p(a) = B .

B:B — Lg, is given by B(a) = 1, (a) A (p25(a))

=IA B¢ =a

Let €= (Cy,C,Cpyc,, Hac ), L¢), whereCy = {a, ¢}, C = {a}
s LC: LA

Cic,: € — L¢ is given by Hic, = B

Upe:C — L is given by e =0

C:C — L¢ is given by C(a) = py¢, (@) A (z2c(@))" =pA 0°
=B

Fs-union of Zand &

Let BUC =D=(D,, D, D(1p,, #2p ), Lp ), where
D, =B, UC(C; ={ab,c}u{ac}={ab,c}BnC={a},
Lp=LgVLc=L,

t1p,: Dy — Lp is given by pyp, (@) = pyp,(@) V piyc, (@) =
1V =1

tip, (€) = pyp, () Vi, () =BVB =P

Hap ¢ D — Lp is given byu,p(a) = pap(a) A pac(a) =
BAO0=0 and

D:D — Lpis givenby D(a) = ulDl(a)/\(uzp(a))c =1A
0° =1
+»BUC =D=({a, b, c},{a}, D(1,0),L,)

Fs-intersection of Zand €

Let BNC =€=(E,, E, E (g, , Hag ), Lg ), Where
E,=B,nC ={ab,c}n{ac}={ac,E=BUC ={a}
Ly =LgAL; =L,
Mg, By — Lg is defined by py g, (@) = pyp, (@) A
tic,(@) =1AB =P
g, (€) = t1p, (©) Ay, (©) = 1AL =P
tzp + E — Lg is defined by ppp(a) = uzp(a) V ppc(a) =
BAO=0
E: E — Lg is defined by,E(a) = ulEl(a)A(MZE(a))C =
BABS =
Here we observed that
(i) B,nC,2BUC
(i)  Hip, X Ay, X = (Hap V Hac)x, foreachx € BUC
«BNE =E=({a,c},{a}, E(B,B),Ly).
J. Proposition:

For any pair of Fs-subsets
B:(Blﬂ B, B(MlBlﬂ MZB)! LB)and C:(Clﬂ C, C(#lcl; MZC‘)! LC‘)
of4, the following results are true

BCBUC and CCSBUC
BNCSB and BNCECC provided BNC exists
BCC implies BUC=C
BNC=B when B* ® 4 and BEC and 4, NC=D 4
BUC= C U B (commutative law of Fs-union)

o0 o
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f.  BNC= C n B provided BNC exists. (commutative
law of Fs-intersection)
g. BUB=B
h. BNB=B ( (7 )and (8) are Idempotent laws of Fs-
union and Fs-intersection respectively)
Proof(1):Let BU € = D = (Dy, D, D(Wsp,, #2p), Lp)
(layD, =B, U(,,D=BnC
(1b) Lp = Lg V L,
(le) pap,: Dy — Lp is given by pyp X = (Uap, V Hic, )X
Hzp : D — Lp is given bypzpX = UapX A fizcX
D:D — Ly is given by Dx = pyp, xA(Uzpx)°©
Wecan eas ilys howt hatt hef ollowingar et he
consequences of (1a),(1b)and(1c)
(1d) B€D,, DCcSB
(le) Lg<Lp
(1) p1p, < wap,|B1, and pyp|D = pap
These in term imply BEBUC
Similarly we can prove that CEBUC
Proof(2):Let BNC=E=(E,, E, E(11g,, t2r ), Lg ), Where
(2a) E;, =B, nC,, E=BUC
(2b) Lg=LgALe
(2¢)  pg,1Ex — Lgis given by g, X = g, X Ay, X
Hzp + E — Lg is given by popx = (Uzp V Hac)X
E:E — Lg is given by Ex = py5, X A(U2px)°
We can eas ilys howt hatt hef ollowingar et he
consequences of (2a),(2b) and (2¢) and existence of BNC
(2d) E;€B;, ESB

(2¢) Lg<lg
(20) g, < tap,|Er, and pop|B = ppp
Hence BNCSB

Similarly we can prove that BNCEC
Proof (3): The following are true since BE C.
(3a)B, ¢, CCc<B
(3b)Lg<Lc
(3¢) thap, < Hac, |By, and pzp|C = ppc
BUC =D=(Dy, D, D(yp,, H2p), Lp ), where
Dy, D, D and Ly, are as in(1a),(1b)and(1c).
The following are the consequences of(1a),(1b),(3a)and(3b)
(3a’)D; =Cyand D =C
3b’) Lp =L,
We prove
(3¢’) D = C from (1c) and (3¢)
Dx = pyp, x\(p2px)°
=(M1p, V 1 )XN(p2pX A pocX)©

{(#wlx Ve, X) A (fzpX A pipcX),X € By = By N G
(t16,%) A (UzpX A ppcx)S,x & By, x € Gy
:(#mlx) A (Hzcx)¢
=Cx ,foreachx €D =C
Proof (4): From definition of BNC and hypothesis of BCC,
we have
(4a)E;,=B;NnC,=B; ,E=BUC=BandE; 2F
(4b) L =Lg ANL; =Ly
We can observe that
(40) U1g, X =Uip, X A flyc, X = [y, X, foreachx € E; = By
and
t2eX = (H2p V Hac)X
( H2px ,XEB,x¢&C
_{MszV.Uzcx = UpX, X €EBNC=C
In both cases, we can have pyg X = pppx
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Hence t he ex istence BNC isa co nsequence from

(4a),(4b) and (4c).

We prove that BNC =B, that is, £&=B, where £ isasin

(2a) , (2b) and (2c¢).

From(4a) and (4b), we can have
Ei,=B,E=BandLg = Lg

Sufficient to show that Ex = Bx for each x € B
From (2¢)

Ex = pyp, xN\(t2px)°
:(#wlx A #urlx) A ((_MZB V pac)x )¢
(H1p, xN\(p2px)¢ = Bx, for x € B,x ¢ C
B t1p, XA\(Uzpx)¢ = Bx,for x € BN C
Hence Ex = Bx foreachx € E =B
P, NC = Dy follows from corollary 1.15.1
Proof (5): we calculate D in BUC from (1c) as follows
D: D — Ly, is given by, Dx = pyp, XA(tizpx)°
Dx = (U1p, V H1c )X N ( papX A ppcx)© , for
eachx€D=BnNC
:(lex \ #urlx) A [(uzpx)° V (zex)¢]

:[(ﬂ131x Vi, X) A (2pX)°| V [(#wlx v
Hac, ) A (pzex)€]
:[#wlx A (ﬂzsx)c] \% [ﬂ1clx A (#2Bx)c] \%
[Mlle A (Mzcx)c] \ [.U1clx A (Mzcx)c]

=Bx V Cx V [pac, X A (zpx)€] V
[115,% A (e )]
Let CUB= F=(Fy, F, F(uyr,, Har ), L), where
(5a) F,=C,UB,,F=CNB
(5b) Lp=LcVLg
(5¢)  mypiEy — Lp is given by pyp X = (yc, V H1p,)X
Hap + F — Ly is given by UppX = fzcX A lzpX
F:F — Lgis given by Fx = piyp, X AN(UzpX)°
Fx = (pag, V tap, )% A ( pacX A papx)© for each x €
F=CnNnB
:(#wlx \ ﬂ131x) A [(uzcx)¢ V (uzpx)€]
:[(#wlx v #1319() A (Upcx)€) v [(.U1clx v
Uip,X) A (ﬂzsx)c]
:[H1clx A (Mzcx)c] \ [lex A (.Uzcx)c]
v [ﬂ1clx A (uzpx)°] Vv [ﬂ131x A (uzpx)°]
=Cx V Bx V [t1p,% A (acx)] V [pag, x A
(k25%)°]
Sufficient to show D=F i.e.
(5d) D, =F,D=F
(5¢) Lp = Lp
(59 (.“11)1 = H1p H2p = ﬂzp) orDx = Fx
(5d) follows from (1a) and (5a).
(5e) follows from (1b) and (5b).
(51) follows from (1c) and (5¢).
Proof (6): We calculate E in BNC from (2c¢) as follows.
E:E — Lg is given by, Ex = ;5 x A(ppX)°¢
Ex= (#13195 A #10195) A ((uzp v #zc)x)c , for
eachx € E=BUC
=(t15, % A pric, ) A (UapX V fipcX)©
:(lex A #urlx) A [(uzpx) A (pzex)¢]
:[_ﬂ131x_/\ (.MZBx)C] A [#10195 A (ﬂzcx)c]
=Bx ACx
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Suppose G=CNB=(Gy, G, G (114, M2 ), L ), where
(63) Gl=C1nBl,G=CUB
(6b) LG = LC A LB
(6¢)  pag,: Gy — Lg is given by pyg, X = fyc, X A flyp, X
a6 G — Lg is given by ppex = (Mac V U)X
G:G — Lg is given by Gx = g6, xA\(26x)°
Gx = (ac, X A ptap,x) A ((Hzc V H2p)X)E,
foreachx e G=CUB
:(#wlx A #wlx) A (zcXx V papX)©
:(ﬂ1clx A .“13135) A [(uzcx)€ A (uzpx)€]
:[Luwlx_/\ (Uzc)] A [#13195 A (uzpx)¢]
=Cx AN Bx
Need to show £=( i.e. sufficient to show that
(6d) Ei=G,E=G
6e)  Lp=Lg
and
(69 (ﬂ151 = WG H2E = #26) orE =G
(6d) follows from (2a) and (6a).
(6e) follows from (2b) and (6b).
(61) follows from (2c¢) and (6c¢).
The proofsof(7)and (8) follow d irectly fromthe
definitions of Fs-union and Fs-intersection respectively.

K. Proposition:

For any Fs -subsets B, Cand D
ofA = (A1 AA (#1,41 ,#2A): LA),the following a ssociative
laws are true:

IO BU(CUuD)=(BUC)UD

(1) Bn(€nD)=(BnNEC)nD,whenever Fs-

Intersections exist.

Proof (I): Let B=(B,, B, B(iy5, f125), L)

C= (C1' C, C_(#lcl' .Uzc); Lc) and

D:(Dlt D' 5(I'llDll ”2D)' LD)

Suppose CUD =E,BUE=F,BUC=G,GUD =H
Now €=CUD=(Ey, E, E (usg,, 2k ), L ), Where

(1) E;=CUD,,E=CnND

(2) Lg=LcVip

(3) g, Ey — Lg is givenbypyp, x = (ac, V tap,)X

Hap + E — Ly is given bypspX = facX A lopX
E:E — Lg is given by Ex = pi;p x A(Uppx)°
F=BUE=(Fy, F,F(usr,, tar), Lr ), where
4) FF=B,UE, =B, U(C;UD,),F=BNE=BnN
(CnD)
(5) Lp=LgVLg=LgV(LsVLp)
(6) tap:Fy — Lg is given by pyp, x = (g, V thig, )X

= (#131 \ (#101 v #101)) x
Hop: F — Lp is given by UopX = UppX A UppX
= UpX A (HacX A apX )
F:F — Lp is givenby Fx = pyp, x A (Hppx)©
G=BuC=(Gy, G, G(p16,, Hac ), L¢ ), where
(7)Gl=BlUCI, G=BnC
(8) Lg =L VL
(9) Hi6,: Gy — Lg is defined by py,x = (le \ #11:1)35
HZG : G b LG iS deﬁned byMZGx = ‘UZBX A Mzcx al’ld
G: G— Lg is defined by Gx = ;6, xA(16X)°
}[:QUD:(HL H, H(Hml; #ZH). LH), where
(10) H1=61UD1=(31UC1)UD1,H=GHD=
(BNnC)
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(11) LH:LGVLD:(LBVLC)VLD
(12)  pyp,: Hy — Ly is defined by pyy, x =

(#161 v #101)95 = ((#131 \ #101) v .U1Dl) x
Uoy + H — Ly is defined by popx = pyex A
HapX = (HzpX A HacX) A LlapX
H: H — Ly is defined by Hx = piy 5, x A(Upx)°
Need to show F=H i.e. sufficient to show
(13)F, = H,,F =H
(14)Lp = Ly
(15) (#1F1x = Ui, X andfl,px = fppx) or Fx = Hx
(13) follows from (4)and(10).
(14) follows from (5)and(11).
(15) follows from (6)and(12).
Proof (II): Let J=CND, K=BNJ, M=BNC, N=MND
Now J=CND=(J,,],] (11},, ), L;), where
(16)J;,=C,ND;,] =CUD
(7) Ly = Le ALp
(18) wyy,:J1 — Ly is given by piy 7, X = pyc, X A pyp, X
Hzyt] — Lyis givenby py;x = (Uac V Hap)X
and J:J — L;is given by Jx = ulhx/\(uz]x)c
HK=BNJ=(Ky, K, K (1, 2k ), Li ), where
(199K, =B nj;=B,n(,nD,),F=BUJ=BU
(CuD)
(20)Lg = Ly ALg=Lg A (Le A Lp)
(21) g, Ky — Lg is given by i, X = pyp, X Ay, X
=15, X A (H1¢, % A phap, X)
ok * K — Ly is given by pogx = (Uap V Ha))X
=(u2p V (Hzc V Hizp))x and
K:K — Ly is given by Kx = g, x A(Up g X)¢
M=BNC=(My, M, M(pyp,, s ), Ly ), where
Q2)M, =B, NC,M=BUC
(23)Lyy = Ly AL
(24) pamy: My — Ly is given bypyp, X = g, X A fhyc, X
oy * M — Ly is given by poyx = (Uap V Hac)X
and M:M — Ly is given by Mx = iy, X A(ppp )€
N=MnD =(Ny, N, N(puyn,, Han ), Ly ), where
25N, =M, nD, =(B;,NnC)ND;,J]=(BUC)UD
(26) Ly = Ly ALp=(Lg ALc) ALp
(27) pyn,:Ny = Ly is given bypyn, X = pyp, X A pyp, X
:(#wlx A #urlx) AUyp X
oy # N — Ly is given bypnx = (fay V pap)x =
((uzp V H2c) V pzp)x and
N:N — Ly is given by Nx = py, XA\ (tpnx)°
Need to show K=Ni.e. sufficient to show
28)K, =N, K =N
(29)Lg = Ly
(30) (U1k, X = Man, X andfipx = ppyx) or Kx = Nx
(28) follows from (19) and (25).
(29) follows from (20) and (26).
(30) follows from (21) and (27)

L.  Arbitrary Fs-unions and arbitrary Fs-intersections:
Given a family (B;);¢; of Fs-subset of

d‘l:(Al; 4, A(#ml; MZ_A): LA)a
whereB; = (Byy, B, Bi(t15, ) 28,), Lg, ) for any i € I

M. Definition of Fs-union is as follows:

Case (1): For I=®, define Fs-union of (B;);¢; ,denoted
by U;e; B; as Uje; B; = @4, which is Fs-empty set
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Case (2): Define for [#®, Fs-union of (B;);¢; denoted by
Uier B; as follow

U B, =B = (31;3;5(#131#23); Lg), where
i€l
(@) By = Uier B1i,B = Nier By
(b) Lp = Ve Lp, = complete subalgebra generated by
ULi(L; = Lg,)
(¢) Mp,:By = Lp is defined by pyp, x = (Viel ﬂ131i)x
= Vier, Wy,;X , where I, = {i € I| x € B;}
H2pi B — Lg is defined by pppx = (/\iel ﬂzsi)x
=Nier U2 X
B:B — Lg is defined by Bx = 3 xA(tizp x)°

a. Remark:
We can easily show that (d) B; 2 Band
#131|B 2 Uzp

N. Definition of Fs-intersection:
Case (1): For =0, we define Fs-intersection of (B;);¢; ,
denoted by N;e; B; as N By = A
Case (2): Suppose
Nier B1i 2 Ui Biand Aieg g, ;| (Uier Bi) = Vier iz,
Then, we define Fs-intersection of (B;);¢; , denoted by
Nier B; as follows
ﬂ B,=C= (Cp C, 5(#101; #zc)' Lc)
iel
@) €1 = Nier By, € = Uier By
() Le = Nier LBi
(€") Hic,: €1 — Lc is defined by
tic,x = (Aiertp,)X = Nier gy, X
Upc: C — L is defined by
HacX = (Viel #zsi)x = Vier, Hop;X, Where I, =
{iellx€B;}
C:C — L is defined by Cx = y¢, xA\(uz¢ x)°
Case (3): Nies By 2 Uier Bior Aier tap, | (U B &

Vie1 2B,
ﬂ B =Dy
a. Lemma:

We define
Fora nyF s-subset B=(By,B,B(ip,, Hop), La) and
BS B, = (Bu" B;, Ei(ﬂwli: ﬂzsi): Lsi)
for each i € I.N;¢; B; exists andB € N;¢; B;
Proof: B€ B; = (Bli,Bi,Ei(uwli,uzgi), LBi) foreachi € I
implies
(1) B €B;;and B 2 B;
(2) Lp <Lp
(3) M4p, X < pyp,;x for each x € Byand pppx = Uyp,X
for each x € B;
All the above statements are true for each i € [
LetN;e; B; = D = (D, D, D(pap,, Hap), L), where
(4) D1 = NierB1i, D = U [
(5) Lp = Nier LBi
(6) tip,: Dy — Lp is defined by pyp, x =
(Aver Hap, )% = Nier tap,, X
Hzp: D — Ly is defined by pppx = (Viel MZBi)x
= Vier, top, X, where I, = {i € I| x € B;}
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D:D — Lp is define by Dx = piyp, xA\(uzp X)°

We needs to show that Dy 2 D and pyp, x = pypx , for
eachx € D = Uie[ Bi
B; € Nie; B1i = Dyand B 2 Uy B; = D are follows from
(1
Hence DEB S By €S D; cooveevveeeen @

Mg, X < (Aie, ,ulBu.)x = Uyp, X , for each x € B; and
HapX = (Viel MZBi)x = UzpX , for eachx € Uy B; = D
Hence uppx < plopX < pyp, X < Upp for eachx €
UietBi =D e )

Hence N;¢; B; exists.

BC D follow from(I),(II)and(5)

Hence B € N;¢; B;

Let L(A) beth ec ollectiono fF s-subsets o f cA.
Let(B;)ie; bea ny subfamilyo f L(A)where B; =
(B11, By, Bi (15, H28,), Li,) for each i € 1
0. Proposition:

(L(A), N) is A-complete lattics.

Proof: Case (1): For I=® , N;¢; B; = A whichis the
largest element of L(A)

Case (2): Forl #®, let (B;)ie; bea familyo fF s-
subsets of A .So that N;¢; B; does not exist

i.e. NigrB; = P4 of first kind. We prove thatd , is
the greatest lower bound of (B;);¢;

Suppose BEA such thatd 4, € BE B; for i € I. Then
form above lemma N;¢; B; exists which is a contradiction.
Hence @4 is greatest lower bound

Case (3): For [+®, let Fs-intersection exist
and,N;e;B; =D = (Dp D, D(le'#zs)' LB)

(@) Dy = NierB1i, D = User B;

(b) Lp = Nier L,

(¢") t1p,: Dy — Ly is defined by pyp x =

(Aver Hap, )% = Niertap,, X

H2p:D — Lp is defined by pppx = (Viel .HZBi)x
= Vier, top,X, Where I, = {i € I| x € B;}

D:D — Ly is defined by,Dx = uyp, xA(tizp x)°

Existence o f Fs-intersection of given family imply the
following

(1) Dy = NierB1; 2 Uier B =D
(2) Niertap,; x 2 (Vier MZBi)x Jforx €D
The p roofs o ft he following r esults a re s ufficient to
prove the proposition.
(3) NierBy; & Bjforeachj €1
(4) B; 2 € = (Ey, E,E(pyg,, t2r), Lg) for each j €
I,implies EED
Proof (3): We have the following
(d) Dy = Nier By € Byj B € Ui B; = D, for each
jel
(€) Lp = Nier Lp; < LB/’ foreachj €]
() Nierthp,; x < Hip,; for each x € D;
and (Vie, uzgi)x > H2p, ;X for each x € B; and for
eachj €1
N;er By < B for each j € I follow from (d’),(e’) and (f7)
Proof (4): £ < B; implies
(8') E1 € Byj, Bi<E
(h') Lg < Ly,
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(i) g, x < H1B, ;% for each x € E; and pypx >
Hap;X for each x € B;
All these statement (g’)(h’) and (i’) are true for each
jEel
These in term imply
(5) E1 € NierBij =Dy and E 2 Uiy B; = D
(6) Lg < NierLp, = Lp
(7) #10,% < Niertap,; X, foreachx € E; and pppx =
(Vier uzgi)x, for each x € B;

These in term imply D is the greatest lower bound of
the given family.
(L(A), N) is A-complete lattics.

a. Corollary:
For any Fs-subset B ofA, the following results are true
)] d,UB=8
Proof: These results follow from case (2) of proposition
1.15.

P. Proposition:
_(L(A), U) is V-complete lattics
Proof: Case (I): For I=®, U;¢; B; = &4 whichisa Fs-
empty set acting as the least element of L(A)
Case (II): For I#®,U;¢; B; =
B = (31;3;3(#131#23); LB), where
(1) By = Ujer B1i,B = Nyer By
(2) Lp = Vier L= complete subalgebra generated by
UiEI LB,:
(3) m1p,: By = Lp is defined by pyp, x = (Viel ﬂ131i)x
= Vier, 1p, ;X , Where I, = {i € I| x € By;}
H2p: B — Lp is defined by pppx = (Aiel MZBi)x
B:B — Ly is define by Bx = puyp xA(lzp x)°
The p roofs o ft he following r esults a re s ufficient to
prove the proposition.
(1) Bj € Uy B; foreachj €1
(2) B, €€ =(C,,C,Cuac, tac) L) foreach j €1,
implies BEC
Proof (1): We have the following
(a) Blj c UiEI Bli = Bl . Bj 2 niEI Bi = B, for each
jel
(b) LBj < VierLp, = Lp, foreachj €1
() Hip,; < (Vie,,ulgli)x, for each x € B, jand
Hap, ;X = Aier 25, X, for each x € B
B;j < Uje; B; follow from (a), (b) and (c)
Proof(2): B; < C implies
(d) Byj <G, CcB
(¢) Lp;<Lc
® Hip, ;X < Uy, X, for each x € By; and Hap ;X =
Uycx foreach x € B
All these statement (d),(e) and (f) are true for each j € I
These in term imply
(3) UierBy; =By € Cyand Ny B;=B2C
4) Vier LBi =Lg <L
(5) (Viertp, )X < pac,x,  foreachx € By
and Ajes Hap,; X = Hacx, foreachx € C

These in term imply B is the least upper bound of'the
given family
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Hence (L(A), U) is V-complete lattics

a. Corollary:

(L(A), U, N) is a complete lattice withVandA
Proof: This result follows from proposition (1.15) and
proposition (1.16)

Q. Proposition:

Let B:(Bl, B, B(u1p,, H25), L),
C:(Cl; C, C(#Ml; #zc)' Lc)and
D=(D,, D, D(p1p,, Hap), Lp)-Then BU (C N D)=(B U €) N
(B U D) provided C N D exists.
Proof: Let CND =£=(Ey, E, E(Wg,, #ag ), i ), where
(a E;=C,NnD,, E=CUD
(b) Lg=LcALp
(¢) g, Ey — Lgis givenby pyp, X = lyc, X A pyp, X
Hap  E — Lgis givenby lppx = (Hac V p2p)x
E:E — Lgisgivenby Ex = tyg, X :(#161 A
t1p,)X A [(pzc V p2p)x]®
Existence of C N D implies
(1) CUD S CNnDy (2) (g, Aap, )X =
(Uzc V ppp)x, foreachx € E=CUD
Let BUE=F=(F,, F, F (i, , 2 ), L), where
(d FF=B4UE, =B, U((;nD),F=BNE=BnN
(CuD)
(e) Lp = LBVLE = LBV(LCA DD)
(0 tap: Fy = Lp is given by pyp,x = (1p, V g, )%
= [#131 v (#101 A .U1Dl)]x
Hopt F — Lp is given by pppx = (Uap A Hap)X
= [uz2p A (2 V p2p)]x
F:F — Lp is given by Fx = pyp x A (Uppx)©
:[ﬂ131 \ (ﬂ161 A #11)1)]35 A [[#23 A (e V
c
#ZD)]x]
To prove the existence of right hand side
Let BUC =G=(Gy,G, E(ulGl, H26 ), Lg ), where
(g) Gl = Bl V) Cl,Gz BncC
(h) LG = LB \ LC
() Hig,: Gy — Lg is defined by py6,x = (1B, V Hac, )X
Hog: G — LG is defined by ”ZGx = UapX A Hac
and G:G — Ly is defined by Gx = puy ¢, xA(u26%)¢
=(t1B, V Hac,)X A [(z2p A pac)x]®
Let BUD=H=(Hy, H, H(p1p,, H2ir ), Ly ), Where
(])H1=31UD1,H=BHD
(k) LH = LB \Y LD
() uyp,: Hy — Ly is defined bypy g, x = (U4, V H1p, )X
Upp + H — Ly is defined by pyx = UopX A lyeX
and H: H — Ly is defined by Hx = pyy,x A (ti25X)°
=(t1g, V H1p, )X A [(uzp A pzp)x]°
Let(BUC)N(BUD)=GgNH =K =
(Klt K' K(.ulKl' .MZK)' LK)
G Ki=GnH =B,UG)N(BUD) =B U
(€;nD),K=GUH=(BNC)U(BND) =

Bn(CuD)
(k) Ly =LeALy=(LgVL)AN(LgVLp) =LgV
(Lc ALp)
(D) pig,: Ky — Ly is defined by pyx, x = (#101 A
M1p,)X

:[(#131 \ #11:1) A (le \ #wl)]x
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Hak ¢ K — Ly is defined by poxx = (a6 V Han)X =[(425 A
Hac) V (425 A pap)]x and 3
K:K — Ly is defined byKx = py g, X AN(Up )¢ :[(,ul)_;,1 %
c
Hic ) N (le v .U1Dl)]x A [[Cuzp A tt2c) V (g A pzp)]x]
Need to show that (3) K; 2 Kand (4)uyx, X = pogx for each
x€EK=Bn(CuD)
(3) K=Bn(CUD) CK, =B, U(C,ND,) follows
from (1)
Case (1):x € B and x € C and x & Dy, x=(py,, V
Mg, )X A Mg X = lap, X = HapX A UpcX = [ogX
Case (2):x € Band x & C and x € D, piyg, X=fq1p, X A
(#131 v #wl)x = M1, X 2 HapX A lapX = HogX
Case (3):x € Band x € C N D, py, x=(pyp, X V fyc,x) A
(#13195 v .lex) = g X A (#13135 v #wlx)
HakX = HapX V (HapX A fapX) €01k, = Mok
Therefore (B U C) N (B U D) exist.
Need to show F=X i.c. sufficient to show
(p) i =K, F=K
(@ Lp=Lg B _
(1) (Map, X = M1, X andpppX = UpX) or Fx = Kx
(m) follows from (d)and(m)
(n) follows from (e)and(n)
we have to show
(0) Hip X = Hyg, X andflpx = pygX) or Fx = Kx
Case(4)x€B,x€(C,x€D
Kx = pyg, x\(phogx)° :[(le v #101) A
[
(ﬂ131 \% ﬂwl)]x A [[(#23 Atzc) V (ap A ﬂzb)]x]
:[(#wlx Vi, X) A (g, X V #wlx)] A
[(uapx A pzex) V (HapX A Uapx)]° :[Mlle A
(18, X V pap, X)| A (25X V (2p% A pippx)]“=Fx
Case(5) xeBNC,x¢BND,x €D,
Kx = pyg, x\(phogx)° :[(lex \ #10135) A
(ﬂ131x \ #wlx)] A (UzpX A ppcx)© :[ﬂ131x A
(15, X V pap, X)| A (zpX A pipcx)*
F{ = [.U_wlx A (#13135 v #wlx)] A (Uapx A pocx)©
Therefore Fx = Kx
Case(6) x EBNC,x € BND,x €D,
Fx = pyp, x A (U2pX A ppcX)©
#11(195:(#131 v #101)95 A (le v #wl)x
:(#wlx v #urlx) A Uyp, X=f1p, X
takx =[(tzp A o) V (Uzp A tzp)]x =(phap A pac)X

“HapX N focX _
Therefore Kx = pyp, X A (HapX A tpcx)® = Fx

R. Proposition:

Let B:(Bll B' E(”lBlt MZB)! LB)s
C:(Cp C, C_(#lcl' .Uzc); Lc)and
D=(Dy, D, D(ptap,, #2p), Lp).Then BN (C U D)=(B N C) U
(B N D) provided R.H.S exists.
Proof: Let BNC =€=(E,, E, E (1, , Mz ), L ), Where
(a) E,=B,NC,,E=BUC
(b) Lp=LgALc
(¢) Mg, Ey — L is define by pyp, X = pyp, X A lyc, X
top + E — Lg is defined by popXx = (Uzp V o)X
E:E — Lg is defined by Tx = py g, xA(tz5x)¢
Also we have
()ByNC, 2BUC
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(2)p1p, X A pic, X = (U2 V Uac)X = pgpx , for each
x€BUC
Let BND =F=(F,, F, F(usr,, Uor ), Lr ), Where
(d F,=B,nD,, F=BUD
() Lp=LpALp
() Hyp: Fy — Ly is defined by pyp X = typ, x A
Hip, X
Hor + F — Lp is defined by popx = (t2p V Uap)x
F: F — Lg is defined by Fx = piy 5, X A(t2px)°
Also we have
(3) BpnD; 2BUD
(4) g, X Apiip, X = (Hap V Hap)X = fapX
foreachx e BUD
Let EUF=G=(Gy, G, G (t1¢,, M2 ), L ), where
(g Gi=EUF=B,nC)VUB ND)=B N
(C,uD),G=ENnF=BUC)Nn(BUD)=BU

(CnD)

(h) Lg=LgVLi=(Lg ALV (Ly ALp) = Lg A
(L¢ VLp)

(1)t G — Lg is given by, iy, X = (a5, V
MlFl)x

:[(#131 A #11:1) v (le A .U1Dl)]x
Hog ¢ G — LG iS deﬁned by HoeX = UEX /\‘UZF.X
=[(uzp V b2c) A (2B V Hap)]x and
G: G— Lg is defined by Gx = 115, xA(Up5%)°
:[(ﬂ131 A ﬂ1cl) \ (#131 A ﬂwl)]x A [[(#23 \%
c
Hzc) A (Hap V #ZD)]x]
Let CUD=H=(H,, H, H (i1, H2rr), Ly ) swhere
(]) H1=C1UD1,H=CnD
&) Ly =LcVip
() pap,: Hy — Ly is given by pyg, x = (s, V
M1p,)X Mo * H — Ly is given by oy X = fpcXx A
HapX _
H:H — Ly is given byHx = pyy, X A(i2 5 %)¢
:(ﬂ1c‘1 \ ﬂ1D1)x A [(pzc A tzp)x]°
Let BN (CUD) = BN H=K=(Ky, K, K (u1x,, M2 ), L),
where
(m) Ky =B;NH; =B, Nn(C;UD;),K=BUH =BU
(CnD)
(n) LK = LBALH =LB/\(L(:VLD)
(0) ki Ky — Lg is given by pyg, x = (#131 A #11—11)95 =
[#131 A (#151 v #wl)]x
aii K — Ly is given by piopx = (pzp V pop)x =
(425 V (Hac Apzp)lx
K:K — Ly is given by Kx = pyg, x A (Uprx)©
[
:[#131 A (ﬂ161 \ ﬂwl)]x A [[#23 V (Uze A ﬂzb)]x]
Need to show that B N (€ U D)exists i.e. sufficient to
show that
(5)K C K,
(6)H1k, X = Hpix foreachx € K = B U (C N D)
(5)follows from(1)and(3)
We have to show (6)
Now x € BU (C N D) = pyg,x = [ptap, % A (pac, V tap, )x]
Case (1): x € By, x € Cy,x € Dy = pyg, X = [fyp, X A
(#10135 v liwlx)] = [(#wlx A #urlx) v (#131 A #101)x]
Case (2):x € B,x & C N D>UppX = [opX, P, X = HapX =
HagX
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XEBx€EC,x&D = pgx= (,ulle A,ulclx) =
H2pX = HagX
XEBxE&C,x€D= pygx = (Dlle /\lex) =
H2pX = HagX
X €B,x € CN D=y, X = (fap, X A fhag, X) V
(ﬂ131 A ﬂwl)x 2 UopX = HogX
Therefore pyg, = Hak
Again need to show G=X i.e. sufficient to show that
(P) Gy =K, F=K
(@ Lg = Lg _ _
(1) (16, X = M1k, X and ppX = ppiX) or Gx = Kx
(p)follows from(g) and (m)
(gq)follows from(h) and (n)
Weha vet os how (Ui, X = plig, X andupgXx = ppgX) or
Gx = Kx foreachx € BU (C N D)
Case (1): x € Band x € (C N D) = py6,=(y5,x A
Hic, X) V (#13135 A liwlx) =
Hap, % A (fac, X V g p, %)=y e, X
t2X=(2pX V HacX) A (HopX V HapX) = [papx V
(Hacx A papXx)] = pogx
case( 2): x€B,x¢Candx €D = 5, X fp X A
Hap, X = H1g X
H2cX = HapX A (UapX V fapX) = HapX = HagX
x€B,xeCandx €D = pyg X=p, X Ay, X = Ui, X
26X = (U2pX V UapX) A HapX = fapX = HagX
These in term implyGx = Kx
Example: 1.18.1 1
Let B=(By, B, B(1t1p,, 25 ), Lg) 2
Bl = {alb}lB = {a}a LA = LB: al
Mip,: By — Lp is given by pyp, = bez
Upp: B — Lg is given by t,p =0
B:B — Lg is givenby Bx = a,
Let C:(Clﬂ C, C(#lcl; MZC‘)! LC‘)
¢, ={a,c},C={ac},Lc=L,
tic,: G — L¢ is givenby iy, = B
Hac: € — L is given by ppc = 0
C:C — Leisgivenby Cx = f3,
Let D:(Dlt D' D(.ulDl' .MZD)' LD)
D1 = {a, d},D = {a, d} aLD:LA
tip,: Dy — Lp is givenby uyp, =y
Usp: D — Ly is given byu,p, = 0
T:D — Lp is givenbyDx =y,
Let CND =€=(E,, E, E(Wg,, Mok ), Lg ), Where
(b) LE = LC N LD:LA
(©) Mg, Ey — Lg is given bypyg X = fyc, X A
Hip, X=B2 NY2 = Py
Hap + E — Lg is given by pppx = (Hpc V pap)x =
0
E:E — Lg is given by, Ex = py g X A(i25 %)=
Hence CND does not exist.
Let BUC =G=(Gy, G,G(uml,uza), Lg ), where
(d) Gl = Bl U Cl = {a, b, C},G= Bn C:{a}
(e) LG = LB \Y LC:LA
(H 16,6y — Lg is defined by py¢,x = (U4, V
Hic,)Xx=az V B, =1
Hag: G — LG is defined by ,UZGx = UzpX N ,uzcx
=0
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G:G — Lg is defined by Gx = 36, xA(uz6x)¢ =1
Let BUD=H=(H,, H, H(p1n,, Hon ), Ly ), Where
(¢ H,=B,UD,={abd},H=BnD={a}
(h) Ly =LgVLp=L,
(1) wp,:Hy — Ly is defined by iy, x = (thap, V
Hip,)X=a; VY, =1
#021-1 *H — Ly is given by fygX = fpX A lpcX
H:H — Ly is given by Hx = py, x A(ox) =1
Let(BUC)N(BUD)=GNH =K =
(Klt K' E(.ull(l' .MZK)' LK)
(G) K,=G,nH, ={a,b},K=GUH={a}
(k) Ly =L ALy =L,
(1) Uik, : Ky — Lg is defined by pyg, x = (#1(;1 A
Hip, ) X=1
Mok * K — Lg is defined bypogx = (U V Hap)x=0
K:K — Ly is defined by Kx = py, x A(Up )€ =
We observed the following
(1) €ND does not exist i.e. CND=P,
(2)LHSBUd, =B
(3)RH.S (BUC) N (BUD) = ({a,b},{a},K(1,0),L,)+#B
Examplel.18.2: Let B, CandD Fs-subsets of A as in
above example 1.18.3
Let BNC =E=(E,, E, E(uyk,, M2 ), L ), where
(1) Ey=B;nC, ={a}, E=BUC={a,c}
(2) Lg=LpALc=1La
(3) Mg, Ey — Lg is define by, pyg x = fiy5 x A
Hic, X=0z A By = V1
tze + E — Lg is defined by, tppx = (2p V pac)x =0
E: E — L is defined by, Ex = piy 5 X A(t25%)¢ =y
~BNC does not exist
Let BND =F=(F,, F, F (sr,, t2r ), Ly ),where
4 F,=B,nD,={a}, F=BUD={a,c}
(5) Lp =LpALp=Lp
(6) Hip:Fy — Lpis defined by pyp, x = pyp, x A
Hip, X = Az Ny, = aq
Uyp ¢+ F — Lgis defined by pypx = (g V

M_zD)x =0 3
F:F — Lg is defined by Fx = pyp, x A(U2px)°

~BNDdoes not exist
Let CUD=H=(H,, H, H (i1, H21r), Ly ) swhere
(7) HH=C,uD, ={a,c,d},H=CnD ={a}
(8) Ly =LcVLp=L,
(9) fap,: Hy — Ly is given by pyy, x = (¢, V
tp )X =Pz VY2 =1
Hon * H — Ly is given by ployX = UpcX A fpx=0
H:H — Ly is given by Hx = py, x A(izx)°=1
Let BN (CUD) = BN H=K=(Ky, K, K(p1x,, 2 ), L)
where
(100 K,=B,nH,={a},K=BUH = {a}
(1) Ly=LgALy =L,
(12) g, Ky = Ly is given by piy e, x = (1, A
Hip )X = @
Hax: K — L is given by pox = (Uzp V pap)x = 0
K:K — Ly is given by Kx = piy, x A (U X)) = @
Here R.H.S does not exist.
R.H.S=®, and L.H.S=({a}{a},,K(a;,0),L,)
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1. FS-COMPLEMENTS

A. Definition of Fs-complement of a Fs-subset:
Consider a particular Fs-set
A= (4, A A (14, ,ﬂzA): L,), A # ®,where
6) AcC A,

()  Ly=[0,M], M, =VAA =V, ,Aa
(iii) .“_1141 =My, 10 =0,
Ax = pya, X Npzax )¢ =My , for each x €
A
Given B=(By,B,B(up, fi25),Ls). W ed efine Fs-
complement of B,denoted by B¢ for B=A and Ly = L,
B4 = D=(D,, D, D(p1p,, Hap), Lp), where
(@) Dy=CB,=BfUAD=B=A
(0) Lp =Ly
(¢") pp,: Dy — Ly, is defined by pyp, x = My
Usp: A — Ly, is defined by u,px = Bx =
.1113195/\(#2335)0 _
D:A — Ly ,is defined byDx = pyp, x A(Uppx)¢ =
M, A (Bx)¢ = (Bx)°.
B. Proposition: A% = ¢,
Let A% =D = (Dy, D, D(pap,, Hap), Lp ), where
@) Dy=CA, =A5UA=AD=A
(0) Lp =Ly
(¢") Map,: Dy — Ly.is given by pyp X =_MA,
Usp:D — Ly, is given byu,px = Ax
D:D — L, ,is given by Dx = piyp, xA(lizpx)¢ =
M, A(Ax)¢ =M, A(M)C =0
iie.D =0, where 0x =0
Hence D = (4,4,0(M,,A),L,) = ®_, where is an Fs-
empty set

C. Definition: Define (®_)¢4 = A

D. Proposition: For Z=(By, B, B(t1p, 128), Lg).
C= (Cl, C, C(Hml: Hzc), LC), which are non Fs-empty sets
andB=C=ALg=Lc=1Ly
(1) BnBC4=d,
(2) BUB““=A
3) (B*“)4 =B
(4) BCC ifand only if ¢4 € BC4
Proof (1 ):G iven B=(By,B,B(u1p, ts5), Ls), wh ere
B=ALg=L;B+dy
Let B4 =D = (D, D, D(uyp,, Hap), Lp ), where
(la)D, =C4,B;, =B UAD=B=A
(1b)Lp =Ly,
(I¢) fyp,: Dy — Ly is given by piyp, x = My
Uop: A — Ly is given by u,px = Bx,
D:A — Ly is given by Dx = piyp xA(lizpx)¢ =
M, A (Bx)¢ = (Bx)©
Let BN B4 = € = (Ey, E, E(pyg,, tar ), L ), Where
(1d)E;, =B, nD, =B, Nn(BfUA)=Aand E=A
(le)Lg =Lg AL, =1L,
(1) pap, X = g, X A plap, X = plyp, X A My = [y, X,
foreachx € E; = A
UspX = UppX V Uypx, foreachx € A
=lpx V Bx

= HapX V [#13195 A (#2Bx)c]
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:(#ZBx v #13195) A [pzpx V (Uzpx)©]
= Mg, X N My=plyp, X
Ex = g, x A (UapX)° = phyp, X A (ﬂwlx)c =
0,foreachx € A
Existence of BN B4 follow from (1d),(1¢e) and (1f)
Hence SI(A, A, 6(#131: M131): LA)is an Fs-empty set
. E=BN BM=0 ,
Proof (2): Let BU B4 = F =
(Fy, F,F(uap,, Har), Ly ), where
(Qa) ;=B UD, =B, U(BfFUA)=A,,F=BnND=A
2b) Lp=LgVLy =1L,
(2¢) pap, X = (ap, V pap, )x for eachx € Fy = A,
UapX = UppX A Uypx foreachx € A
=l,px A Bx
= tizpX A [y, % A (Uzpx)€]=0
Fx = pyp, xA(uzrx)¢, for each x € A
= (15, V tap,)x A (0)°
= (#wlx v liwlx) AM,y
= M1, XV Hyp X
= Hip, XV My =M,
Hence F = (4,,4,A(M,,0),L,) = A
~F=BUB“ =A
Proof (3): Suppose D4 = G = (G, G, G(p1g,, Hac ), Lg)
where
(3a)G, =C4D; =Df UA=(BFUA)UA =
(ByNAY)UA=(B,UA)N(A°U A)
=B,NA;,=B;,,G=D=B=A
(Bb)Lg =Lp=Lp =1Ly
(3¢) pag,: Gy — Ly, is given by py6,x = M,
Uzg:A — Ly, is given by p,cx = Dx = (Bx)°
G:A — Ly is given by Gx = py¢, xA(uzx)¢ =
M, A ((Bx)€)¢ = Bx
We need to show that B=G
B, = G;,B = G = A follows from (3a)
Ly = L; = L, follows from(3b)
Bx = Gx follow from(3c)
Hence B=(G
Proof (4): Let C%4 = (Hy, H, H(uyp1,, 2 ), Ly )» where
(4a) H, =Cy,C;,=CfUAH=C=A
(4b) Ly =1Ly
(4¢) P, Hy — Ly, is given by g x = M,
Upp:iA — Ly, is given by popx = Cx
H:A — Lyis given by Hx = g, X A(Uppx)€ = My A
(Cx)* = (Cx)°
(=) : Part of the proposition.
Suppose BEC, we have the following
(4d)B; € C;,,CSBCcA
(4e) Lp = Lc =Ly
(40) p1p,x < Uy, X, for each x € By, ippX = pUpcX,
foreachx € C
We need to show ECD, that is,
(4g) E,€D,,E2D

(4h) Lg <Lp
(4i) Ex<Dx
Therefore

D, =C4B; 2C(,,C; =E;,D = H = A follow
from(1a)and(4a)
Lp = Ly = L, follow from(1b)and(4b)
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Hip, X = My = pyg, x = My, for each x € D; and p,px =
(Bx)¢ = (Cx)¢ = pypx,foreachx € A
These in term imply C¢4 € B4
(&) : Part of the proposition.
Let ¢4 € BG4
From the above result
(Ce4)Ca 2 (BAY4 = C 2B

E. Fs-De-Morgan’s laws of a pair of Fs-subset:

For any pair of Fs-sets B:(Bl, B, E(#wl,#zs), LB) and
€= (€, C,Ckac, H2c) L), with B=C=A4 and Ly =
Lc = Ly, we will have
(i) (Bu )4 =B n e if (Bx)° A (Cx)E <
[(ulle)c V faex] A [(ulclx)c V pzpx|, foreachx € 4
(ii))(B N €)% = B4 U €%, whenever B N C exist.

Proof (i): First we prove existence of B4 N €4
Let B4 = (Dy, D, D(pyp,, Hap), Lp ), where

() Dy=C,B,=BSUAD=B=A

(b) Lp =L,

(¢) tap,:Dy — Ly givenbypyp x = A:IA

Uap: A — L, is given byu,px = Bx,
D:A — L, is given by Dx = piyp x A(tppx)°
= M, A (Bx)¢ = (Bx)¢
Let C¢4 = (Ey, E, E(,ulEl,MZE), Lg), where

) Ey=C,C,=C UAE=C=4

(€ Lg=1Ly4

(D g, Ey — Ly is defined by pyp,x = M,y

U A — Ly is defined byu,gx = Cx,
E:A — L, ,is defined byEx = piy5, X A\(UppX)°
= My A (€0)° = (Cx)°
Let B N €% = F = (F,, F,F(up,, ar), L), where
(@ Fi=D;NE =(BfUA)N(CfUA) =
(BfNnC{)UA=(BiUC(C)°UA F=DUE=A
(h) Lp=LpALg =1Ly
(i) Mg X = H1p, X A U1g, X = My, foreachx € D; N
E
UppX = HapX V Upx = Bx v Cx,for each x € A
Fx = pyp,x A (uapx)® = (Bx vV Cx)¢ = (Bx)° A
(Cx)¢, foreachx € A
“ Mg X =My = Bx V Cx = ppx
This in term imply existence of B¢4 N €4
Case (I): Now we prove the result (i)
Let G=BUC=(G,, G, G (pt1¢,, g ), L ), where

() G, =B,UC,,G=BNnC

(k) Lg=LgVLc=L,

() mag,: Gy — Ly is given by pyg, x = (Uap, V Haic, )X

Hag * G — Ly is given by fipeX = UapX A locX
G: A — Lyis givenby Gx = piyg, X A(26X)°
Gx = (g, V H1c, )X A ( papX ApcX)° VX € G =
BNnC=A4A
:(lex v #urlx) A [(p2px)° V (e x)°]
:[(ﬂ131x \ ﬂ1clx) A (#2Bx)c] \% [(ﬂ131x \
Hic, X) A\ (#2cx)c]:[#131x A (uzpx)°| v
[.U1clx A (MZBX)C]
v [ﬂ131x A (Uaex)] v [ﬂ1clx A (iacx)<]
=Bx V Cx V [ptag, % A (Uapx)€] V [f1p, % A
(H2cx)€]
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=Bx V Cx (* Bx V Cx = [uy¢,x A (uapx)€] v
[ﬂ131x A (#2cx)c])
Suppose}[ = (g)Cﬂ = (Hll Hl H(.ulﬂll .uH)l LH)a where
(m)Hl = CAGI = GIC UA = (Bl UC1)CUA,H = G =
A
(M) Ly =L =Ly _
(0) U1, X = My, Vx € Hy , Uppx = Gx,foreachx € A

Hx = My A (Gx)¢ = (Gx)© :[Ex vCxV [H1c1x A
(uzpx)]V [#13135 A (.Uzcx)c]]c
=(Bx)° A (Cx)° A [(lex)c V thaex] A [(#mlx)c V hypx]

=(Bx)¢ A (Cx)° (= (Bx)° A (Cx)° < [(ulle)c V faex] A

[(#mlx)c V pzpx] )

Sufficient to show that B4 N (€)¢4 = (B U €)%~
F, = H,,F = H = A follow from (f) and(m)

Ly = Ly = L, follow from(g) and (n)

(M1p X = g, X, for each x € Fy, uppx = pppx, for each x €

A) or Fx = Hx follow from (h) and (o)
Hence we proved the following
(p) F=H,F=H=A
(@ Lp =Ly =1Ly
(1) (17, X = pqp, X, for each x € Fy, uppx =
Uy x, foreach x € A)or Fx = Hx
B4 n 4 = (B U C)“ follow from (p),(q) and(r)
Case (II): If Bis @ 4 then BUC=® , U C =C
= (B U C)4 =C04, BCA = ()04 = A
RHSB“ NC4 =ANCA =4
» (Bug)a =Bbanci
Proof (ii): Let J=BNC=(J1,/,] (1),, #2;), L; ), where
@) /=B, nC,J=BUcC
(b) Ly=LgAL; =1Ly
(€') Hay,:]is — Laisgivenby pyp X = g X A flyc, X
a2yt ] — Lyis givenby py;x = (Hap V Hac)X
and
JJ — L, is givenby Jx = ylhx/\(yzlx)c

Jx = (Mlle A #urlx) A ((uzp v .Uzc)x)C,
foreachx e J=CUB=A
=(t15, % A pric, ) A (UapX V pipeX)©
:(#wlx A #10135) A [(uapx)° A (pzex)¢]
:[l_lwlx_/\ (252)°] A [Mlclx A (izcx)°]
=Bx ACx
Suppose N'=J4=(B N €)“4=(Ny, N, N(usn,, ton ), L)
where
(d) Ny =CaJ1 =C4(ByNnC) =(ByNC) VAN =
J=A4
@) Ly=1L, =1,
(f') pan,x = My, for each x € N;
Unx = Jx,foreachx e N = A
Nx = pyy,x A (Uonx)°=My A (Jx)€ =(Jx)°
=(Bx A Cx)¢ =(Bx)¢ v (Cx)°
Let B4 = (Dy, D, D(pyp,, Hap ), Lp), where
(¢) D, =C,B, =BSUAD=B=4A
(h") Lp =Ly
(i') #ap,: Dy — Lyis given by pyp, x :_MA
Uopi A — Ly is given by p,px = Bx
D:A — L, is given by Dx = piyp xA\(tppx)¢ =
My A (Bx)¢ = (Bx)*¢
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Let C4 = (Ey, E, E (g, t2i ), Li ), where
() E;=CuC,=CUA E=C=4
(k') Lg =L,
(I g, Ey — Ly is define byu g x = My
Upp: A — Ly is define by p,px = Cx
E:A — Ly, ,is define by Ex = py g, X A(t25%)¢ =
M, A (Cx)¢ = (Cx)°
Let B4 U €% = K = (Ky, K, K (myk,, Hak ), L ), where
(m) K, =D, UE, = (BS UA) U (CS U A) =
(BfUCHUA=(B; NC)UA,
K=DUE=A
)Ly =LpVL=1L,
(0) pax, = (ap, V pag, )%, for eachx € D, U E,
UpkX = UapX A lipx = Bx A Cx,foreachx € A
Kx = py, x A (u25x)¢, for each x € A

:(#wl \ #151)95 A (UzpX A popx)©
=(pap,x V iy, x) A (Bx A Cx)°
=(My Vv My) A[(BX)€V (Cx)°]
=(Bx)° v (Cx)*
Sufficient to show N=X
N, =(B;NC)UA=K,; N=A=K follow from (d’)
and (m’)
Lgx = Ly = L4 follow from (e’) and (n”)
(H1n, X = g, x, for each x € Ny, upyx =
Uk x, for each x € A) or Nx = Kx follow from (f) and (0”)
Hence we proved the following
®)NySK, N=A=K
(@) Ly =Ly =Ly
(") (paw, % = pak, x, for each x € Ny, poyx =
Uaix, for each x € A)or Nx = Kx
Hence (B N C)¢4 = B4 U €% follow from (p*),(q")and(r")

a. Example:
There exists a pair of Fs-subset B andC of A such that
(Bx)¢ A (Cx)° > [(lex)c V lhaex] A [(#wlx)c V tizpx|
and (BUCG) # Bt n e«
Let A=(Ay, A, A(p14,, H24), La), Where
A, ={a,b,c},A={a}
Hia,: A1 — Ly is givenbypy s, = 1,
Upa:A — Ly is given by ,4 = 0,
A:A — Ly is given byAx = piyz, x A (Upux)€ = 1A0° =1

B:(BI'B:E(MBI;MZB), Lg) 1

B, ={a,b},B ={a},where L, = Ly = a B,
Map,: By — Lp isgivenbyup = a, ay 5,
Upp: B — Lg is given by u,p = a4 e

B:B — Lg is given by

Bx = g, X A (Uopx)¢ = ay A(@)) = ay AB, =14
= (Bx)* = (1) =72

C:(Clt C, C_(Mlc‘lt ,Uzc); LC‘)

¢, ={a b}, C = {a}

tic,: G — Le is give byuye, = B

Hac: € — L is given by ppc = By

C:C — L is given by

Cx= Hic, X A (Uacx)€ = B A(B)S = B Aay =714
5= =71,

Here pyp, x = @ = (5,x)° = ()¢ = By,

Hac, X = B = (_ﬂ1clx)c =B =my

Now (BX)  A(CX)’ = Y2 AV = Vo eoveveeeeeeeeeeann, (1
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[(#wlx)c V lhaex] A [(#wlx)c V gpx] = (B V By) A
(yVa ))=BiAa; =0 i )
~ (Bx)¢ A (Cx)¢ > [(#131x)c V tipex]| A [(ﬂ1clx)c V tizpx]
Let B4 =D = (D, D, D(u1p,, Hap), Lp), where
(1) Dy =Cy4B; = Blc UA={ac},D=A={a}
(2) Lp =1Ly
(3) Hip,: D1 — Ly is define by pyp, x =1
Usp: A — L, is define by p,px = Bx = y4
D: A — Ly is define by Dx = p;p, X A(topx)€ =
My A (Bx) = (Bx) =y,
~ B =D = ({a,c},{a}, D(1,y1),La)
Let C4 = € = (Ey, E, E(pag,, Har ), Li ), where
4) E;=C,C,=CfUA={a,c},E=C=A={a}
(5) Lg =Ly
(6) Uig,:Ex — Ly is given byu g x =_1
Usp: A — Ly is given by ypx = Cx =y,
and E: A — L,is given by
Ex = .U1E1X/\(.U2EX)C =MyA (Cx)° = (Cx)° =

V2
~C% =& =({a,c}{a},D(1,y1),Ls)
Let G=BUC=(G,, G, G(p1¢,, H26 ), L), where
(7) G,=B,UC, =1{a,b},G=BnC ={a}
@®) Lo=LpVLic.=L,
(9)  tg,: Gy — Ly is givenby pyg, x = (U4, V
Hic )Xx=az V B, =1
Mo+ G — Ly is given by UpeX = UapX A llpcX =
a,ANB; =0
G: A — Lyis given by Gx = piy5, XA (i26%)°
=IA (0)¢ =
Suppose = ()4 = (Hy, H, H(iyp,, i), Liz ), where
(10)H, = C,G, = GEUA = (B, UC)  UA = {a,c},
H=G6=A={a}
(D) Ly =Lg=1Ly4
(12) pyp,x = 1,for each x € H;
Uyx = Gx = 1,foreach x € A
Hx = pyp, XN ) =1A (1) =
- ‘7-[ = (g)Cﬂ = ({a, C}, {a}, H(l,l), LA)
Let B4 N €% = F = (F,, F,F(yp,, tar), L), where
(13) F,=D,NE, = (BSUA)Nn (CEUA) =
BfnCHHYUA=(B,UC)VUA={a,c}
F=DUE =A={a}
(14) Lp=LpALy=1L,
(15) g X = pap, X Apiyp,x = 1,foreachx € D; N
E
H2rX = HapX V gX = BxVCx =y, Vy, =
y1,foreachx € A
Fx = pyp,x A (upx)© = (Bx V Cx)° =
(y1)¢ =y, foreachx € A
S g X =12 BxVCx =y, = fippx
This in term imply existence of B4 N €4 and
BC‘A n CCﬂ =F = ({a, C}, {a}, F(l, V1): LA)
We observed that 7 = (BU C)¢4 # B4 nc4 =g

Iv. FS-DE MORGAN LAWS OF ANY
ARBITRARY FAMILY OF FS-SETS PROPOSITION

Given a family of Fs-subsets (B;);¢; of
A= (A1 A A (N1A1 ,#2A)' LA), where Ly = Vgeq Aa,
Hia, = My, tip0 = 0,Ax = My
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M) (UierB)™ = NigyB{*, fo tAD, w  hereB; =
(BliﬂBiﬂBi(MlBlit.MZBi)tLBi) and
(1) Bi=A4A,Lp, =1L, provided

Nijer [(#wlix)c v #ZBjx]
i)

Nier(Bix)¢ <

(I (Ner Bi)4 = Uy BY#, whenever Nje; B; exist,
Proof (I): For =0, U;¢; B; = @4
LHS: (®,)4 = A and RH.S: N;¢; B = A
Hence Fs- De Morgan law holds for I=0.
For [#®, first we prove that existence of N;¢; Bic A
Let B{* = D; = (Dy;, D;, Di(fap, , Hap, ), Lp, ), Where
(1) Dy; =C4By; =Bj;UAD; =B, =4
(2) Lp;=Lp, =Ly
(3) m1p,;x = My, for each x € Dy;
Hzp,x = Bix,foreachx € D; = A
Dx = pyp, X A (.Uznix)c = My A (Bix)° =
(B;x)¢,foreachx € D; = A
Let NiesB* = NiesDi =D = (Dy, D, D(Hap,. kap), L),
where
4) D1 = Nier Dy = Nier(Bf; U A)=(Nyey Biy) U
AD=D,=A
(5) Lp = Nier LDi =1Ly
(6) mip,:Dy — Lyis givenby pyp X = Aier flap,; X =
M,
Hop:D — Ly isgi ven by pypx = Vig fop,X =
Vie Bix B
Dx:D — Lyis givenby Dx = pyp x A (UppX)© =
My A (Vier Bix)® = (Vi Bix)*=Nies(Bix)°
D; = (N B11)¢ U A 2 D = A follows from (4)and
Hip, X = My = pppx = Vigp Bix follows from (6)
This shows the existence of N;¢; Bic A
New B; € Uier B; = (B 2 (Ujey B4 =
Nier(B)A 2 (Uie; B)A v (i)
Sufficient to show that N;e;(B;)4 S (U By
Let U;e; B; = B = (By, B, B(u1p, M2p), ), where
(6) By =UjerB1yy B=NierBi = A
(7) Lg = Vier LBi =L,
(8) m1p,:By = Lp is given by piyp x = (Viel ﬂ131i)x
H2piB — Lp isd efineb y pppx = (/\iel ﬂzsi)x
=Nier U2 X
B:B — Ly is define by,Bx = piyp, xA\(Upp )¢
=(Vier tap, )% A (Nier MzBix)c
=Viertap, X A [Viez(ﬂzsix)c]
Let (Uje; B)=E = (Ey, E, E (s, Hag ), L ), where
(9 E;=0C4By = C4 Ui By = (Ui By U
A=(NiBS)UA E=B=A
(10) Lg=Lp =1L,
(11) g, x = M,, foreachx € E,
U,px = Bx,foreachx € A
Ex = g, x A (uz5x)¢, for each x € A
=M, A (Bx)¢
=(Bx)*
c c
:[Viel.ulBu- XA [ViEI(MZBlix) ]]
:/\iez(ﬂwlix)c V [Aser t2p,x]
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:/\iel[(ﬂwlix)c v MZBix] A[/\i'jE_I(MIBlix)C v

i#j
MZBjx]:AiEI[MlBlix A (MZBix)c] A

/\i',je'l(liwlix)c V Uzp;X
i%j
=Nier(Bix)°=Dx
Needs to show DEE
(13)D; CE,D2E
(14) Ly < L
(15)(uyp, % < pyg, x, for each x € Dy, pppx >
X, for each x € E) or Dx < Ex
(13) follow from (4) and (10)
(14) follow from (5) and (11)
(15) follow from (6) and (12)
Hence Nje;(B) € (Uier B v (ii)
Hence N;e;(B;) = (User B4
Proof (I): For I=0,N;¢; B; = A
LH.S: (Nie; B = (A)4 = 4
RH.S: Uje; B = @,y
Hence De-Morgan’s law holds for [=®
For [0,
Let B* = D; = (Dy;, Dy, Di(i1p,,» Hop,), Lp, ), Where
(1) Dy; = C4By; =Bj;UAD; =B, =4
(2) LDL- = LBi =1L,
(3) w1p,;x = My, for each x € Dy;
Hzp,x = Bix,foreachx € D; = A
Dx = pyp, x A (.Uznix)c = My A (Bix)© =
(B;x)¢,foreachx € D; = A
Let Uier B = Uies D; = F = (Fy, F, F(sapy, tor), Lr),
where
(4) Fy = Ui D1y = Uie(Bf; U A)=(Uye, Biy) U
AF =N D=4
(5) Lr = Vier LDi =1Ly
(6) wp:Fy — Ly is givenbypyp x = (Viel #wu-)xa
Mot F — Ly is given bypppx = Njer Uop X =
Nier Bix ~
Fx:F — Lyis given by Fx = pyp, X A (H2px)¢
=(Vier i, )% A (Aer ﬂzuix)C:Viel Hip,; X A
(Aier uwix)c(': foreachx € F = A)
=My A (Nier Bix)® =(Nier Bix)® =Vie/(Bix)©
Now
Nier B; € B; = (Nier B 2 B, = (N B)4 2
Uier Bi i (iii)
Sufficient to show (N;e; B;)4 S Uje; B;“4
NierB; = € = (€1, C, C(pac,, Hac), Lc) , where
(7) € =NigrB1i, €=U Bi=A
() Ly = Niex LBi =1L,

9) tac,: € — Leis given by, pyc, x = (Aiel #1Bli)x

= Niertup,; X
Hac:C — L is given byppex = Vier Uap, X
C:C — L¢is given by Cx = piyc, xA(upc %)°
c
=Nier MaBy; x/\(viel MZBix)
[
=Nier Bap,; X N [/\iel(.“ZBix) |
[
:/\iel[ﬁiwlix A (#2Bix) ]
=Nier(Bix) ~
Let (Nie; B =G = (G,, G, G(Mlcl; H26), L), where
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(10) Gy = C4C, = C4(Nier Bry) = (N B1) Y
A= (Ui BUAG=C=A
(1) Lg=Lc=1Ly4
(12)  pyg,x = My, for eachx € G,
Usgx = Cx,foreachx € A
GX = pi16,Xx A (Uz6%)¢, foreach x € A
=M, A (Cx)°=(Cx)=(Nier(Bix)) =V e/ (B;x)°
Needs to show GEF
(13) G, SF,G2F
(14) Ly < Lg
(15)  (p16,X < pap,x, for each x € Gy, pppx >
p2rX, for each x € F) or Gx < Fx
Hence
(13) follow from (4) and (10)
(14) follow from (5) and (11)
(15) follow from (6) and (12)
Hence N;e;(B) € (Uier B (iv)
Nier(B)) = (U B4 follow from (iii) and (iv)
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