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1. INTRODUCTION

Dwivedi and Trivedi [2] Considered quadruple series equations
involving Jacobi polynomials of the same indices which are
orthogonal to the weight function (1=2)"Pxf iy the
inter\{al (0,1) Szego [9] later on standardized the notation

“ () for the Jacobi polynomials.

Askey [1] remarked that the dual series equations involving
Jacobi polynomial of different indices cannot be solved. Later
on Dwivedi and Gupta [4] obtained the solution of such
quadruple series equations which include dual and triple series
as particular cases. If we review the literature then we observe
that the existing solutions on series equations are derived only
from dual to six Fourier series equations, no further
generalizations are available till date. This tempted us to find
the solution of n-Fourier series equations involving Jacobi
polynomials of different indices and in this paper we have
obtained certain results. By considering the special values of n
= 2,3,45,6 we shall be able to derive solutions of dual,
triple,quadruple,5-tuple and 6-tuple Fourier series equations
involvingjacobi polynomials of different indices[5], [6].

. N- SERIES EQUATIONS OF THE FIRST KIND
1) N-series equations of the first kind involving jacobi
polynomials of dlfferent indices are as follows :
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Where,j = 2_.‘]:'_.6‘_....._.':1_1.
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2) N-series equations of the second kind
N-series equations of the second kind involving jacobi
polynomials of different indices are as follows :
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where,i = 24.6......n
Here also n is taken as an even number. If n is odd then the
equations will be
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where, I = 1-*3_5.;_---” 1 and v =0.
e,
m=0 i.S‘+ﬂTI’Tn’—_uTm+ﬂ = ‘g-i'{x:]’ Gj_g =X <0
(8)
where, | = 246,....,n—1.
Also ©=0.1 js an arbitrary non- negative
integer.ﬁ&]Jﬂi&j, where i = 1,3,5,....,n-1 and JFJ'{-“:'*EJ'{-‘]
where j=246...n are prescribed

functions. “m: Bm: Dm and Em are unknown coefficients, are
determined and the parameters @ 5.v.6.4 satisfy  the
conditions & —#—8 =0

a>-L f=-1.0>—-La+f —&>—1Here we solve
only equations (1),(2)of first kind and equations (5),(6) of the
first kind and equations (7),(8) of the second kind will follow
easily.
2. PRELIMINARY RESULTS

In the course of analysis, we shall use the following results:
(i) The orthogonality relation for the Jacobi polynomials
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where, W =min(x.y) and nly) = (1+ )5 41— y)f-=+F
(rin+1+e) rif-8+0r i+ fril+ f+p+md
T rurlat f-S+ 0+ E-p+mdrlz + frp—Srn+l) (11)

It is assumed that parameters are so constrained that &n “is independent of n, this is of course possible when, for instance @ =v
=A-p and B = 5.

Gn

3. THE SOLUTION

(i) The solution of N-series equations of the first kind involving Jacobi polynomials of different indices :
Let us assume

lasB—5. &)
- A PEY )
=07 =glx), gy <x <o
M= (gsf—F+1)py FE+p+med) :i(x). ey ! 12)
where,i = 2,4.6,.....n

and where ¢;(x} are unspecified functions. Using orthogonality relation it follows from equations (1) and (12)
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Substituting this value of A, in equation (2) and interchanglng the order of integration and summation, we get
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M;(x) = £(x) —EE [ e ) =)™ +9)° 5 G x)dr (15)
forall j = 2.4.6,....,mn.

Taking j = k in equation (14), where k is an even integer and 2 = &k = n and = is the total number of considered equations,
we get
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Or

X
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Inverting the order of integration,
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with the help of the equation (17), the equation (16) takes the form
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This equation is an Abel type integralequation and its solution is given by

B 6) = R - T f w5 o= S

T a+f-28 g 9z (G
EEJ-‘i 0, (1 —{:]_ :]1_51 +7) d*r Z ! n(£)d -,r v & x]'?“* “‘E’j Fypoard
qu-‘"m:m{r] (1 ;j_c;iﬂ{l +r)¥ d'-'"+ EJ‘ ‘n{.,r]ra.m {.,f].:z.,r {} P D?f P
+m§ | dy J (y —x33+” £ I{x —ﬂgii{-‘“s cn--:zn-_:n:rm:l-m-3-=fu:1+rjfdr]
where e A

© 2015-19, JARCS All Rights Reserved

(16)

(7)

(18)

(19)

513



Indu Shukla et al, International Journal of Advanced Research in Computer Science, 8 (8), Sept—Oct 2017,511-519
snfi-f-p+&r & p¥ o+l dx
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Changing the order of integration of the last integral of equation (26), we get
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Using these equations,
¥ dx _ T
'r-i' (y—x) B2p=Elp_p)t-F-p+f — gil:l[l—.ﬁ‘—{nﬁjr: (22)
¥ dx _ lg—g)*~™
And _'rc (y—x)t=mip_fIm ~ y—_pyly—gli-m (23)
Equation (21) will be , .
k-1 n
_ sin(l —ff —u+ &)w n(E)(ay_y — EIF+E-S dr
B (v) = R y) - — -
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J‘ Bria () (1 — ) *F-2801 4 1)¥dr J‘ 1) (e — EF*285,,,, () df}
. G—p J T o e G-
Tj;!_—i:j.-': Gp—q - E:':—Lgi e -
. Z n(E)ay_, — EIFTR-8 4r By 4z )1 — #)¥+F-28(1 4 ) by
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Equation (24) is also Abel type mtegral equation. Therefore its solution is given by
f-18 g _ —sinfi-ww d pap By Oddy
B () (1 — ) =F 21 +4)°f = ———— I, — (25)
forallk = 2.46......n.
Therefore,
2k Pelri-r)THE-280, A8 sinp-wm pok &, () dy
r“t—i r—git-e T S alh - T L (26)
forallk = 2,4.6......n

Applying the above result in equation (24) and also applying the Leibnitz theorem we get

)3, (v) = F.(y) sin(l — f — p + &) msin(l — wymw J‘ n(E)(ay_, — FYF+4-5dE
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J‘ GF{ (t) dt
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© 2015-19, JARCS All Rights Reserved

514



Indu Shukla et al, International Journal of Advanced Research in Computer Science, 8 (8), Sept—Oct 2017,511-519

(k-2

D. T’nfiﬂ{aa-rfﬁ'*-ﬂ-ﬂdf T Bpa@ar
I W (v —&Wap_, —E)H 'E (E— 8t — ez

n(E) (ax, — EYF+4-5ds
—u E-‘J.‘ [3'-1_,_ ':t:] dt J‘ ':t :]1.+r.'. HJ.‘ {}’—E]{T—Ejl_'u }

Z [ n{-fjlr:a.hl pfu-fgr T B (0 dt ]
G-l -0* ) GO

2+l

|i"—.j 2

,
' in{l — d
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This equation can be written as,

nly)8, &) =R (y) — J::: By (E)L (t,y) dt

(k—4)/2 Qzis
Z J‘ Boipz G Ry o (E ¥)dE
=0 Gzie1
E'r‘_ﬂ - f ‘l_‘ﬁnh ) Ty (Evddt,  apy <7 < (28)
where,
_sin{1—f-p+8)msinfl—p)w 1 Q-1 plE (e — 1T T2 Egy
L (t )_ 72 (y—gp_gIF=p-E fE—gp—gIH "rn w=fre-6 (29)
E:E_i?;l':',r:]{ﬂ-'- _ E:],9+:_u—6{a__ _ ',r:l.ﬂd,,r
o ooy oS00 =B —u+ )msin(l ,ujw{ 1 . J' k-1 2i+1
o) = e et CRDIE
rooonlEdap- -8 TFRE
"CRiie p-Hlr-pi-p } (30)
G-y -
sin(l — y)m 1 sinl —f—u+8&)m J‘ (8 @y — )P % (ay; .y — E)HdE
P = - ' — [ B+p—-8 . — _
Taira(t. y) T Gmy wly — ay_s) . (v —Ot-8)
d ey plEiiEgie,—5Rds
I'IF (-5 (31)

Substituting k = 2,4.6...... 1. in equation (28) we will get n/2simultaneous Fredholm Integral equations of the second kind with
the help of these n/2 simultaneous equations we can calculate @, (y). @, (y).........0, (v) and Then the values of
@, (x}, 8,(x),.... 0, (x) can be determined. After all these calculations we can compute the coefficient A, with the help of
equation (13).

(i) The solution of N-series equations of the second kind involving Jacobi polynomials of different indices :

Let us assume
- D P 1y
M=0 (8,11, Fla—p+m+i)
where, i = 1.3.,5,.....n — 1. and where ¥ (x) are unspecified functions. Using orthogonality relation it follows from equations
(1) and (32)
@+ -6+l FB+u+tm+U2mta+f+1m+1Mmta+f+1)

7:+S+Lr{m+a+_{j‘ —&§+1rm4+641)

=%k, g <x<g (32)

m

S @ + [ pna @) B (1 - =51 4 ), (33)

Sofeq

2

Substituting this value of Iy, in equation (5) and interchanging the order of integration and summation, we get

i(a 1B -4 @ +u4+m 4+ 2mtatB+1m+1)Mm +a+ g +1)
224 m ta+ f—6+1Mm +6 + 1D+ 1), e —u+m+1)

m=0
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T [z S3i+2
PR RO T NS

1=0 L ag; Szi+1 Ir;+.5‘ {I:] Pln’.ﬁ“l {;r:]{l T:]r.'+|5‘ n{l +'."‘:]D|'i'.l" = g; (x) (34)
Gy < X < g Jd = 1,3,5,....,r1—1

n—2

Tz Gzi+d

Z J‘ o, (1 — )-8 4 #)8. 5 (r, x)dr = NJ.-{x]

i=f'c;[ ﬂj—i‘::-"-"::ﬂj_ J =1.,35.....n—1. (35)

where X

N_i-'ix:] = g_i-':x:] - E_T_rcﬂ_:ﬁ-“.: I — ) E-5(1 4+ )85, :r::]d:r'(36)

forall j = 1L.3.5,......n —1.
Taking j = k in equation (34), where k is an odd integer and 1 = k = n — 1 and = is the total number of considered equations

we get
e
2 i+ - o X o = o
rz [J’ N W A =) 1) (1 — )ES Gr x)dr + fc__iEE’R{r] A1 — )T R )8 (1 — )05, e, x)dr
+7w 6 (L — )R+ )5 (1 — )85, (rx) dr] +
% G2i+q 5
. . . 1+4x
B0 () (1 — D=3 49801 = )85, b, D = Ly )
l.=n'+1. Q3i n
Or
x r
J‘ ()1 - p)rE-28(1 4 )8 J‘ 7 () (e — )2 x — r:]'?"'-u_s_j'd}:d?"
Q- 1
+[7 W () (1 = )=E-28(1 4 )8 f 7 () G — ) tx — )P -8 gydy
, hj! S
14+x r o
T @ -y [ By () (1 = P)EE-35(1 4+ 1)
fin =0 ay;
-
[ 766 - )52 - y)Pos-s-tayar -
o
n-2
Tz fzisq
Wi ) (1 — )53 (1 4 )¢
[=(R+1)/2 gg;
J3 0 @) Gr = )R (x — ) Pro-8-Ldyar,
Inverting the order of integration,
x 5 (yldy Qe wy (P -1 EFE-280 8y L+ . _
'I..':i:—i ':r—_}':'i'-'-?'n“'f'l; (r—yii-g T ap N"'{x:]
Cp-1 7 (yldy g WL r (1 —r)= 280 iy KT_E 2zi  nlyldy
rn 'Z.r—_}')i'-?‘n“'ff“ic—i [r—y)i—n -Ei D{fn [x—yit—f-p= " .
Qais1 Wapay (P 1—rIFH0-280y 18 gy Z2i21 7 (pdy Qais1 Wagey (PI1-rIFFE-280y 1 8ay E:_‘ x g iyidy
‘r"*':i [r—yii-p + 'r"*':i ir—_].'fli‘-'i"n“‘f'l; [r—yii-# } - Ei=lﬁﬁ+13-": fD l_r-J.‘li—‘-?'H‘f
-rl:zl: 1 Wapay (W —r)TFE-2800 8 gy 37
zi (r—yli-p @7
Assuming
(38)

R [ e P L e
_I; (r—yi-s _I;.l';l_ ':}-:],ﬂ-;‘-_l < X <4

FOI‘ a” k = 1.13.15.!----.:“_ 1.
With the help of the equation (38), the equation (37) takes the form,
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& _
1% Ody (1 +x]'5' n(y)dy
{x — },:]1.—3—_[1+n- - {x _ }:]1 B-p+8
GBE—1
U6 - AERA ¢ ) " n(y)dy
. ':?"—_j.-]i-u {I—j.:'i F-p+8
GE-q
Gai+4 e Gai+q
J‘ g'r:[_'_l':'?":] ':1 —'J":]E+S_‘D':1 +'J":]Dd?"+ LF:[_H_ l:}*:]??{}:] d}-
. ':‘J" _ }_,:] - ':.'1' _ }:]1—.5‘—_u+6
P 23i
[n—-2)/2 x i?'}‘ld} Baiz1 Paja 1|r"||1_ 1zt .‘3‘ E'1+?’~'Edr
E:I. (k+1)/ ..'IFD (x—y)i—f-p+s f [r—3i-g (39)

This equation is an Abel type integral equation and its solution is given by

Gr—1

sin(l —f—u+d)w J‘ n(£)df ;i}

nOF ) = G ly) —

?Tﬂ-ﬂ *®
dx [ . () (1 — )82 (1 + ) ¥y
R {_1} — oy )Bre-fy _ E:]l - u+nc (r— E:]L—_:.-.

[Fi—!j.".. 11

Z J‘ ??{Ejd,f EJ‘ ':_‘} x)B+p- nzj 'E:]l B-u+E&

i=1 o
Gai= 1El'-'rnl+ { :]{1 _ :]|:'+|5' ‘D':l + :] d Gai+ _
f = r::— £t —+ f 1Pz (§)dg

(n—23/2

dx d x
“dy (y — x)B+u-8(x — F)1-F-u+é + Z dy J‘{},_xj.?+_u—6

Bp—y I=(k+172

k-1
J.-r pll dr Jrﬂzc-it.v:c-iirjlii—r:l2‘3'3f|11+rjfdr] 40
U (p—pii-f-p=d" <y (r—{it—u (40)

where
sinfl-f-p+8iT & ¢¥  (+afpaddx
GO =T e Gasees (41)
Changing the order of integration of the last mtegral of equation (40), we get

G-y

sin{ll -8 —u+ & J‘
T

d
T]{Y:]?;; ':_'}’:] = ':_‘}-‘:] - ??{,,r:]dar a

i)
dx [ W, () (1 — D28 (1 + 1) ¥ar
N {}, _ x:].5‘+_u—5|:x _ lJr:]j.—.ﬁ‘—_ruﬁ ) N ':‘J" _ 'Jrjj.—_u
(k-3 {2 =
R dx
+ Zl ! n(£)d ‘Jr (} X)Br-E(x — F)1-F-u+E
E:E_1¥2[+1{7‘] (1 —»)=+E-2(1 4 r)¥dr S _
J = GG

¥ dx (m—-13/12 Gh—1 d
ar -r.ci.} ey pyi-fpe f}+El .h+r."{fn ni(g)dg a5’
Gzi+1

j dx J W () = ) F 21 4 )0
. {J- _x:]3+fl n{x l;.':]ZL F-p+8" ':‘J" — f:]j'_'u

e T
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d ¥y ¥ dx @pis1 Pajaqg (I1—rIF*0-280 8 gy
d__r'r':ic—i??{"r:]d"r'rg ':}'—x:'S‘F‘E':r—é':li‘s‘n“‘fl'r'::i : (r—§1t-p }]
(42)
Using these equations,
¥ dx _ T
'IFE I:J;_I:IS'P'EI:I_Eji'S_I“-E_ sinfi-f-p+8)w (43)
d ¥ dx (g-t)1—™
And H‘rﬂ L I a2 o L = [y-tily—-git-m (44)
Equation (42) will be ,
GE—1 -
~ sin(1—B—u+8)r| [ nEap_, — HF#E g5
Py} = & ly) — - -
()P O = G () O — oy B ey — 7)
g - . (k=372 [ Qz2i -
[ W) (1 —n)*E B0+ far Z 1) ay, — DF+4-2 df
ar (r — £)ee i=1 \p v —ap_ JP*e-fy — £)
k-1
B2i+1 e - zis1 g
[ Wi () (1 = )= F 281 + ) ¥dr [ 1@ ay_y — 287, (@) df}
- ) T o P -D
-2z [EE-a T . B}
n(E)ay_, — £)F+4-8 g W A — ) E 250 + ) o
+
i=(k+13/2 | o {}1 - ak—l:]'?-‘-'u_s{y - 'E:] I g1 {T - E:]l—_ll
m-miz & ¥ Eai+1 Wajaq (L -r1=*F 2801 8,
~E lGernp gy e MO T ST (45)
Equation (45) is also Abel type integral equation. Therefore its solution is given by
- o —ginfi-pyw kT () dy
B ()1 =)o -B(1 4 )9 = LML (RIS (46)
fOI"a" k = 1.13.15.“---.:':1_ 1.
Therefore,
QR l."'i:':r':":L—r)*"?':fiurf'fdr'_ Zin (1-u)T Qf Ty () dy
fck—i [r—g)t-s T omlapog—E R TRy (- (=g )P (47)
forallk = 1,35,.....n0— 1,
Applying the above result in equation (45) and also applying the Leibnitz theorem, we get
GE—-1
_ gin(l — f — u + &) wsin(l — w)w (F¥ay_, — E)Fre-fg
??{},:]L;IR ':}':] = ':_1}.':] - —— S+uE" £) J‘ he 1 —£) _QE
w2y — ay_ JE+e-E (v —Eag_y — &)
Gr _ [(R—-3)/2 Q2 o Gai+q _
J‘ P, () dt Z J‘ 7(E) (@, —§)F*-Fag Prisa (£) at
J G- e-0 &4 - -H* J E-Dt—ax)*
:—1|::|:_1 t d r I::f:]{ E:]S"'u_ﬁd;
_ r ap_q — :
o[ Ba@ar [ [T Sk Vil }
(& —r)r+n (y—r—E5)*
Qzi Q3; 22i
ﬂ;‘ Q-1 - Gai+1 _
N z (&) (ay_y — §P*%dg Py (Bdr ]
Eypy @9 ) e-HE-a)
m-3fz snfl-wr 4 p¥ Opiss Wopey () dt
RS (2GR 2 MO syraper (48)
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This equation can be written as,

NI () =6, 0) - [F & @F (tLy)dt

[(k—21/282i%1

- Z J‘ o s (B Qui s (8 y)dE—
=t

2.

[(m—27/2 Qzis1

I:'-Er:i.n_ '&:'5:[_'_1'&, _‘J.-':]dt,

i=(k+1)/2 a,;

Gp_y <7 < @ (49)
Where,
_ ginfi—f-p+8jmsinfl—ww 1 @p—y lE) fap_ -5 2By
Belby)= 2 (y—ap_g)*A=F  (t-ap_q)# 0 w-H0-H (50)
o1 o
£y = sin(l — f — p + G)msin(l - .“]W[ 1 J‘ 7E) (@r_y — P8 (ay; — F)*dE
i) S Ty e P (e ey ) 6-DC-5
r g roplieg— - Pt
—H ‘r"*':i':r—r)i'i“ ‘r"*':i : IZJ-'—-':'_‘Ii':i’lc—fj'i_"J c} 61
g i
PO Gl DL mﬂ—ﬁ—#+ﬂ”IHEHwﬂ—ﬂ“*w%rfﬁﬁ
T (t—a)* | nly —ax_ P ) 0-HE-H
d ey nlEiag—EFds
+ dy "rﬂiz—i (t—£) } (52)

Substituting k = 1.3.5,.....n — Lin equation (49) we will get n/2 simultaneous Fredholm Integral equations of the second
kind. With the help of these n/2 simultaneous equations we can calculate ¥, (), B (y), oo .. T, _, () and then the values of
W (e), W (t), ... %, _,(t) can be determined .After all these calculations we can compute the coefficient D, with the help of

equation (33).
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