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Abstract:A graph with n vertices isstronglymultiplicativeif the vertices of G can be labelled with distinct integers 1,2, 3, ..., n such that the
labels induced on the edge by the product of the end vertices are distinct.We proved that the Cayley graph on cyclic and dihedral groups with

specified generating sets admits strongly multiplicative labeling.
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l. INTRODUCTION

Our graph terminologies are standard except as indicated,;
see[1]and [3]. A graph G be a simple connected graph with
vertex set V(G) and edge set E(G). We use |V(G)| = n and
|E(G)| = q. A labeling is assignment of integers to the
vertices or edges, or both subject to the certain conditions.

In [2], Beineke and Hegde call a graph with n vertices is
strongly multiplicative if the vertices of G can be labeled with
distinct integers 1,2,3, ..., n such that the labels induced on the
edges by the product of the end vertices are distinct.

Let a finite nontrivial group with the identity elementr.
LetQ be a generating set of T satisfyingt ¢ Qandif a € Q
thena™! € Q. The Cayley graph corresponding to T is the
graph ¢ = (V,E) , where V(G) =T and E(G) =
{(x,xa)\x € V(G),a € Q}and it is denoted by
G = Cay(T; Q). A cayley graphCay(Z,; Q) on the cyclic
group Z, is called a circulant graph. Note that the Cayley
graph Cay ( Z,,,{1,3,..2n—1}) is isomorphic to the
complete bipartite graph K, ,. In [2], they proved that
K, -admits strongly multiplicative labeling. However, proving
the existence of strongly multiplicative labeling for a general
circulant graph is still open  Let D,,, be the dihedral groups
with identity T and it is generated by the two elements r,s with
r"=s?=71 and rs = sr~1. From this defined relations,
one can take
Dy = {r, 72,73, .., "L r"=1,s,s1,s1%,...,sr" 1}and G =
Cay (D,,; ), where Q is a generating set of D,, . In this
paper,we prove that Cayley graph G = Cay (D,,;Q),
constructed on the dihedral group D,, , for n <3 and a
generating set Q = {r,7™"1, s } admits strongly multiplicative
labelings.

Il.  CAYLEY GRAPH ON CYCLIC GROUP

Wherever In this section, we present the theorems for the
existence of stronglymultiplicative labeling on Cayley graph
constructed on cyclic group Z, with a given specified
generating set.

Theorem 1.

Letn(= 6) be an integer, then the Cayley

graphCay(Z,, , {1,2,n — 2,n — 1}) admits strongly
multiplicative labeling

Proof.

Let G =Cay (Zyp, ,{1,2,n-2,n-1}) be the cayley graph withn( >
6). Let the functionf: V(G) —{1,2,3,...,n} defined by
1 fori=0
f(v,)= 2i fori=123,.., l%]
2-0+1  fori= [3+1[5+2..n-1
The Assignment of the labeling to the vertices by the above
function f ,we obtain the distinct edge labels as follows :

fr(v,vg) =
2+ 1) fori=0
4i(i + 1) fori=123,.., [%] -1
2i(2n—2i—1) fori= [n?]

(2n—2i+1D@2n—2i—1) fori= I%J+1,l%l+2...,n—1

f*(vi'vi+2)
( 2 (i+1)

n
4i(i+2) fori=123,.., lEJ -2

2i(2n — 2i — 3) fori = EJ - L EJ

fori=20

fori= n—1

L 22n-2i+ 1) -1

Clearly, by the function f* the resulting edge labels edges are
independent of i .Thus the edgelabels are distinct.

Theorem .2
Let n(=13 ) be an integer, then
Cay(Zy,{1,2,3,..,n—3,n—2,n—1})
multiplicative labeling.
Proof.
Let G =Cay (Z,,{1,2,3,..,n—3,n—2,n—1})be the Cayley
graph withn ( = 13). Let the function

f: V(6) — {1,2,3,...,n}defined by

the Cayley graph
admits  strongly

f(vi)=
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1 for i=0
2i+1 fori=1.23
2(i—3) fori=45,..[5|+3
» ) 2

@2n—2i—7) fori= lg]+4,lg]+5,...,n—1

The Assighment of the labeling to the vertices by the above
function f ,we obtain the distinct edge labels as follows,

frCv,vi) =

20+ 3 fori=0
Qi+1)Q2i+3) fori=1,2
22i+ 1)@ —-2) fori=3

4i-2)G—-3) fori=45, .., [g] +2
2(i—3)(2n—2i+5) fori=ng+3

n n
(2n—2i+7)(2n—2i+5) fori= IEJ +4,[5] +5,..,n—2

2n—2i+7 fOT'i=7l—1
frCv,vy,) =
2i+5 fori=0
Qi+1Q@i+5) fori=1

202i+1)(i-1) fori=23
4i-DE-1) fori=45,.., EJ +1
fori= [%]+2,[%]+3
(n—2i+7)2n—2i+3) fori= EJ +4, EJ +5..,n—3

n—2i+7
(2n—2i+ 7)(2n — 2i + 3)

2i—-3)2n—-2i+3)

fori=n-2
fori=n-—1

[ (v, vs) =
20+7 fori=n
(2i + 1)(20) fori=123
. . o n
4(i —3)i fori=45,.., 17J

20—3)Qn—2i+1) fori=ng+1,ng+2,ng+3
n n
—2i —2i ==+ 4|5 +5 .., n—4
(2n le;ll-Z)z(iZT-ll-72l+1) fori [2]+ [2]+ n

(2n=2i+7)2n—2i-7) fori=n-3

fori=n—-2n-1

Clearly, by the function f*,the resulting edge labels edges are
independent of i, thus edge labels are distinct.

I1l. CAYLEY GRAPH ON DIHEDRAL GROUPS

In this section,we present the theorems for the existence of
strongly multiplicative labeling on Cayley graph constructed on
dihedral group D,,, with a given specified generating set.

Theorem .3
Letn(= 5) be an integer, then the Cayley graph
Cay(D,, {r, 7", s}) admits strongly multiplicative labeling.

Proof:
Case(i): if nis odd

Let G=Cay(D,,.{7,7™1,5}) be the Cayley graph with odd
integern(= 5), let V(G)=D,, .Let the function f: V(G) —
{1,2,3,...,2n}defined by

f(ritmoany) = {i +1 fori=024,..,n-1
“2i+n fori=135..,n-2

f(sr®=dmodm) = 2i4+2 fori=012,..,n-1

The assignment of the labeling to the vertices of G by the
above function f ,we obtain the distinct edge labels defined as
f*(wv) = f (W) f(v) we have the following f* for every
uv € E(G),

f*(ri(mod n)r(i+1)(mad n)
B {(i FDQRi+n+2) fori=024,..,n—1
L Qi+n)(@i+2) fori=135..,n—-2

f*( s T.(n—i)(mad n) s r(n—i+1)(mod n))
_{ 2(2i+2) fori=n-—1
“lRi+2)Q2i+4) fori=012,.n—2

f*(ri(mod n) Sr(n—i)(mad n))
B {(i +1)(2i+2) fori=024,..,n—1

(2i +n)(2i + 2)for i = 1,3,5,..,n — 2

Clearly, by the function fthe edge labels of the edges of G are
independent of i.Thus the edge labels are distinct.

Case(ii): if nis even

Let G=Cay(D,,,{7,7™""1,s}) be the Cayley graph with even
integern(= 6), let V(G)=D,,. Let the function f: V(¢) —
{1,2,3,...,2n}defined by

n
’ i+1 fori=0,2,4,...,z—1
f(rl(modn)) — 3 — 2
> +1,.,n—-1

N3

,_n
fori= >
f(sr@-D0modm)) —{n4i+2 fori=012,..,n—1

The assignment of the labeling to the vertices of G by the
above function f ,we obtain the distinct edge labels defined as
f*(wv) = f (w) f(v) we have the following f* for every
uv € E(G),

f* (.r.i(mod n)T.(i+ 1)(mod n))

n
+D{+2) fori=01,2, o T 2
i+1)@Bn—-2i-2 n
( X > ) fori=5—1
=) Bn-20)@Bn-2i-2) o non
7 f0r1—2,2+1,.,n 2
3n—2i
> fori=n-1

f*( s .r.(n—i)(mod n) s 7,.(n—i+1)(mod n))
_{ n+i+1D({E+2) fori=n—-1
“ln+i+1Mm+i+2) fori=012,.n—2
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f*(ri(mod n) Sr(n—i)(mod n))
n
(+DO+i+1) fori=012,.,5-1
BGn=-2)(n+i+1)

[ = n+1 1
> ori=5.5 R )

Clearly, by the function f*the edge labels of the edges of G are
independent of i.Thus the edge labels are distinct.

Theorem .4

Letn(= 5) be an integer, if n is even then the Cayley graph
Cay(D,, {r, ™1, s, sr}) admits strongly multiplicative
labeling.

Proof:

Case(i): if nis odd

Let G=Cay(D,, . {r, 7™ 1,s,sr}) be the Cayley graph with odd
integern(= 5), let V(G)=D,,,. Let the function f: V(¢) —
{1,2,3,...,2n}defined by

f(ri(modn)) _ {i +1 fori=024,..,n—1
“2i+n fori=135..,n-2

f(sr®=dmodm) = 2i4+2 fori=012,..,n-1

The assignment of the labeling to the vertices of G by the
above function f ,we obtain the distinct edge labels defined as
f*(wv) = f (w) f(v) we have the following f* for every
uv € E(G),

f*(ri(mod n)r(i+1)(mod n))
B {(i +1)QRi+n+2) fori=024,..,.n—1
Ll Qi+n)(@i+2) fori=135..,n—-2

f*( s T.(n—i)(mad n) s r(n—i+1)(mod n))
_{ 2(2i+2) fori=n-—1
“lRi+2)@2i+4) fori=012,.n—2

f* (ri(mod n) Sr(n—i)(mod n))

B {(i +1)Q2i+2) fori=024..,n—1
Qi+ n)@i+2)fori=135..,n-2

f*( Sr(n—i)(mod n)r(i+1)(mad n))
i+2)Q2i+n+2)fori=024,..,n—3
=< i+2)(+2) fori=135,...,n—2
2i+2) fori=n—-1

Clearly, by the function f*the edge labels of the edges of G are
independent of i.Thus the edge labels are distinct.

Case(ii): if nis even

Let G=Cay(D,,,{ r,7" 1, s,sr}) be the Cayley graph with
even integern(= 6), let V(G)=D,,. Let the function
f: V(6 — {1,23,..,2n}defined by

i+1 fori= 0,2,4,...,2— 1
flrimoamy =1 . 2

=2 041
07"l—2,2 yan

,n—1

f(sr@-D0modm) =fn4+i+2 fori=012,..,n—1

The assignment of the labeling to the vertices of G by the
above function f ,we obtain the distinct edge labels defined as
f*(wv) = f (w) f(v) we have the following f* for every
uv € E(G),

f* (T.i(mad n)r(i+ 1)(mod n))

(+D@i+2) fori=012 g— 2
i+1)Bn—-2i—-2 n
( X > ) fori=5—1
=) Bn-20)Bn-2i-2) non
7 forl—2,2+1,...,n 2
3n—2i
> fori=n-1

f*( s .r.(n—i)(mod n) s 7,.(n—i+1)(mod n))
_{ n+i+1D)({+2) fori=n-—-1
“ln+i+DMm+i+2) fori=012,.n—2

f*(ri(mod n) Sr(n—i)(mod n))
n
(+Dm+i+1D fori=012..,——1

2
BGn=-2)(n+i+1)
2

nn
fori=5,5+1,...,n—1

f*( s T.(n—i)(mad n)r(i+1)(mod n))

n

(n+i+1)(i+2)fori=0,1,2,...,E—2
={(n+i+1)@Bn—-2i-2) .n 1n

> fOT'l—Z TR

n+i+1)

,n—2

fori=n-1

Clearly, by the function f*the edge labels of the edges of
G are independent of i.Thus the edge labels are distinct.

IV. CONCLUDING REMARKS

In this paper, we proved that the Cayley graphs with
particular generating sets admit strongly multiplicative
labeling. However, there remain proving the existence of
strongly multiplicative labeling for the Cayley graphs on
arbitrary group with given generating sets are still open.
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