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L INTRODUCTION

The study of oscillation of difference equations has
received great attention and has been studied extensively.
The reader is referred to the monographs [1, 2], [12] and
papers [3] — [10], [14] — [21] and the references cited
therein.  Neutral difference equations find numerous
applications in natural science and technology. They are
frequently used for the study of distributed networks
containing lossless transmission lines. Recently much
research have been carried out on the oscillatory and
asymptotic behavior of delay and neutral delay type
difference equations. The main purpose of this paper is to
find oscillation criteria for second order non linear
difference equation of the form

A [x(n)+ p(n)x(n-1)] W
+q(n+1) f(x(n+1-0))=0,n20

Where T,0>0,p(n) and ¢(n) are real valued

sequences and fe C(R:R).
In this paper, we consider the following cases
(H,)- < p(n)<0 where pe(0,1)
(H,)0< p(n)<es.

Throughout this paper, we assume that equation (1)
satisfies the following hypothesis;

f(x)
(H,)
X

(H,)q(n)=M >0 for n=0.

We shall use the following notations: N ={0,1,2,...}

>21>0 for x#0;

the set of natural numbers including zero and
N(k)={k,k+1,k+2,...} where ke N.
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By a solution of (1), we mean any function
x(n):Z — R, (Z and R are set of integers and real numbers

respectively) which is defined for n2min(t-c) and

satisfies (1) for sufficiently large n. We consider only such
solutions which are non trivial for all large n.

As it is customary, a solution of equation (1) is said to
be oscillatory if the terms x(r) of the solution are neither
eventually positive nor eventually negative. Otherwise, the
solution is said to be non-oscillatory.

In [20, 21], the authors investigated the oscillatory
behavior of higher order and even order neutral difference
equation when p(n) is an oscillatory sequence. The papers
[3, 7,8, 13, 16, 17] are devoted to the case 0< p(n)<1.In

[3], the authors also discussed the case —1< p(n)<0. The

papers [6, 9, 14, 18, 19] deal with the oscillation and non
oscillation of difference equations of a variety of classes
under the assumption p(n) is a non negative sequence. The
paper [11] deals with the oscillation and nonoscillation of a
non linear neutral delay difference equations when
0<pm)<1land —u< p(n)<0.

1I. PRELIMINARY LEMMAS

In this section we state Lemmas and Theorems which
play crucial role in proving the results in section 3.
Definition: The linear space /,,1< p <o of all sequences

x={x,%,,.s X,,...} of scalars such that S, |” < With

n=1

1
the norm ] = {i v ‘V}T'is a Banach space.
n=1

We will compare the following inequalities

A[a(n)Ax(n)]+q(n)f(x(G(n)))SO (E))
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A[a(n)Ax(n)}+q(n)f(x(c(n)))20 (Ey)

With the equation

A[a(n)Ax(n)}+q(n)f(x(G(n)))=0 (E3)

The following Lemmas are taken from [4]

Lemma A.[[4], Lemma 2.1]: If inequality (E;) (inequality
(E»)) has an eventually positive (negative) solution, then
equation (E;) also has eventually positive (negative)

solution.
Lemma B. [[4], Lemma 2.1]: If the inequality

Ax(n)+q(n)f(x[o(n)])<0

or Ax(n)=q(n) f(x[c(n)])20
where ©(n),q(n) and f(x) satisfy conditions given in
(Hy4) has eventually positive solution, then the equation

Ax(n)+q(n)f(x[6(n)])=0
or Ax(n)—q(n)f(x[c(n)])zo

also has eventually positive solution.
Theorem C.[5]: Assume that (H;) holds and
p(n) 20 eventually. Furthermore, assume that

11msup Z p < oo

i=o(n)
1
lim sup Z p
n—oo i= U( ) e
Then all solutions of
Ax(n)+ p(n)x(o(n))=0,n=0,1,2,...
are oscillatory.

In [14], the authors considered the delay difference equation
of the form

Yurt = Ya + PuYoy =0n=0,12,... @)
where {p,} is a sequence of non negative real number and

k is a positive integer and proved the following theorem .

Theorem D. [14], (Theorem 2)]: If for large n,

ipiﬁl

i=n—k e
then (3) has a non oscillatory solution.

III. THE CASE

-1<-u<p(n)<0
Theorem 1. Assume that ¢>2t and (H;), (Hs) hold.
Assume further that f{x) is non decreasing and

Zq(l+1)>—

i=ny
Then equation (1) is oscillatory.
Proof. Assume that equation (1) has a non oscillatory
solution x(n). Without loss of generality, we can assume that
x(n) is an eventually positive solution (the proof is similar
when x(n) is eventually negative). Then x(n) for
nzn,—06>0.

Define a sequence z(n)=x(n)+ p(n)x(n-o).
Then from equation (1) we obtain
ANz(n)+q(n+1) f(x(n+1-0))=0

© 2010, IJARCS All Rights Reserved

Az(n)=-q(n+1) f(x(n+1-0))<0
Hence we obtain

A(Az(n))<0 3)
which implies that there exists n,€ N(n,) such that
Az(n)>0or Az(n)<Ofor ne N(n).
Case (i) : If Az(n)>0for n>n,, then there exists n, >n,
such that z(n)>0 or z(n)<Ofor n2n,-o.
Let us first consider the case Az(n)>0 and Az(n)<O for
nzn,—c. Since x(n-J)2z(n-c) and f(u) is non
increasing, it follows from (3) that
Azz(n)+q(n+1)f(z(n+l—6)) <0,ne N(n,)
Az(n)<-q(n+1) f(z(n+1-0))<0,ne N(n,) (4

Summing the above inequality (4) from n, to n - 1, we
obtain

S a(ac() <-

j=n

-1

3

=n,

~.

q(j+1) f ( (j+1- (5))
—1

Az( Az n2 S Z ]+1 ( j+H1- G))

fuwfn»iq0+n

J=m

IN

Thus

00> Az(n,) = Az (o) + f (z(n,

=) Y q(j+1)

Jj=n

Zf&WrU»gQU+U%w

which is a contradiction.
Next, we claim that the case Az(n)>0 and

z(n)<0 for n=n,—c does not hold. Otherwise, Since
x(n—-o0) >—lz(n+1:—6) and f{u) is non decreasing, it
follows from l(L;) that
Azz(n)+q(n+l)f[—%z(n+’t—6)]S 0, (5)

ne N(n,)
Summing the above inequality (5) from n to n+1t—1, we
obtain

,HZ;‘A(Az(.v))+"*zz':"q(s+l)f(—/ljz(s+r—c)] <0

Az(n+G)—Az(n)+ni_lq(s+l)f[—iz(s+’c—c)jS 0

n+7-1 1
“Az(n)+ X q(s+1)f[—z(s+1—G)JS—Az(n+’c)<0
s=n “

n+7-1

+ q(s+1)f(—iz(s+r—c)j<0
s=n M
Since —lz(n) is increasing for n > n,, we have
1 n+r-1
~Az(n )+f[——z (n+2t-0 j D> q(s+1)<
ﬂ s=n

By condition (H;) we have
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n+r-l

—Az(n)—z(n+27—6)+f[—i2(s+f—0)j 24

s=n

(s+1)<0

That is
ﬁ n+7-1
Az(n)+z(n+21-0)= Y q(s+1)<0 (5

u+1: 1

Z q(s+1), by (Hs)

s=n

Applying Theorem C with a(n)

we have

n—1 1
2 als)z—
s=n—1 e

Therefore inequality (6) has no eventually negative
solution  which contradicts the assumption that

z(n)<0 fornzn,-o.
Case (ii) Let Az(n)<0 for ne N(n,).
The inequality Az(n)<Az(n,)<0 implies that

limz(n)=—co

n—eo

Then there exists ¢ > 0 and n, € N (n, ) such that
x(n)+p(n)x(n—1)<—c,ne N(n,)
which yields
x(n+1)<—c+ux(n),ne N(n,)
Continuing inductively, we get
x(ny+it) <= cp™ + p'x(ny).
j=1

Therefore x(n, +i7r) <0 for sufficiently large n which

contradicts the assumption that x(n) >0 for ne N(n,). The

proof is complete.

Theorem 2. Suppose that (H;),(H;) and (H,) hold, then
every solution of equation (1) either oscillates or tends to
ZEeroas n —»oo.

Proof. Suppose that equation (1) has non oscillatory
solution. Without loss of generality we can assume that x(n)

is a positive solution. Hence we have x(n)>0for
n 2= n,—6 > 0is a solution of equation (1)

x(n)+ p(nx(n-1)).

Then from equation (1) we see that

Nz(n)=-q(n+1) f(x(n+1-0))<0 (7

which implies that there exists n,€ N(n,)such that
Az(n)>0o0rAz(n)=0 for ne N(n,). We claim that the
case Az(n)>0 for ne N(n,) does not hold.

Otherwise summing (7) from n, fo n—1, we obtain

ZA[AZ ]+Zq j+1)f (x(j+1-0))<0

J=n J=n

Az(n)—Az(nl)S—z g(j+1)f(x(j+1-0))

j=m

Az(n)-Az(n)2 S Max(j+1-0)

j=mn

Az(n)-Az(n)2MAS x(j+1-0)

j=n

Define the sequence z(n)=

Thus we obtain
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Mﬂz (j+1-0)<Az(n)—Az(n) <Az(n) <o

J=m
which implies that x(n)e |,
Then z(n)=x(n)+p(n)x(n—1)e],
Since z(n) is increasing and then lim z(n)=0

We claim that x(n) is bounded for n>n, .
If not, then lim sup x(n) = oo so that there exists a sequence
n, € N(n,) satisfying
x(n;) 2 x(n,—1) and x(n;) = e as n— oo . Then we have
2(m)=x(m)+ p(n) (0, 5)> x(n) ()
=(1-p)x(n,) —>o0,i > o0

which contradicts the fact that lim z(n)=0. From this

n—oo

claim, we conclude that there exists c¢>0such that
limsupx(n)=c.

n—sco

Then
= limsup [x(n

p(n)x(n-]
>hmsup[x(n —px(n— T)]
>11msup[x(n }+11m1nf[ ux(n—1)]
=11£?qupx(n)—'llg?°1nf[—ﬂx n—‘c)]
=(1-p)c
Therefore  lim supx(n)=c=0.
Hence %lmmsupx(n)zo.
The proof for the case Az(n)<0 for ne N(n) does

not hold is similar to the proof in Theorem 1. The proof is
complete

Iv. THE CASE

0< p(n)<

Theorem 3. Suppose that (H,) — (Hy) hold. Then equation
(1) is oscillatory.

Proof. Suppose the equation (1) has a nonoscillatory
solution of (1). Without loss of generality we can assume
that x(n) is an eventually positive solution of (1). Hence we

have x(n)>0 for n2n,—c6>0 is a solution of equation

).
Define z(n)=x(n)+ p(n)x(n—1).

Then z(n)> 0. It follows from equation (1) that
Az(n)=-q(n+1) f(x(n+1-0))<0

This implies that there exists n,€ N(n,) such that
Az(n)>0 or Az(n) <0 for ne N(n,).
Then proceeding as in the Theorem 2, we get
z(n)=x(n)+p(n)x(n-1)el,.
But the inequality z(n)=z(n)>0 implies that
z(n)e [, which is a contradiction.

If Az(n)<O0 for n2n,,then limz(n)=—c

n—oo
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which contradicts the fact that z(n)>0 for n2n,—6>0.

The proof is complete.
V. EXAMPLES

In this section, we demonstrate the results obtained for
the oscillation of equation (1). Numerical simulations with
MATLAB are provided to support the results.

Example 1. For the difference equation

A? [x(n)—%x(n—l)}+;%x3 (n—3) =0,n>3 (8)

we  have  p(n)=-

W=

r=l0=4 and f(u)=u’. Also Zq(i+1):1zozki.
i=4 er
Hence, by Theorem (1), equation (8) is oscillatory.

w10° Figure-1
i T T

) 1 L L L
o 2] 10 15 20

n

Graph of solution of Equation (8)
Example 2. We consider the difference equation

A? [x(n)—%x(n—l)}+9x22(”'2)x3 (n=1)=0,n>1 (9)

p(n)z_%,q(n)=9x22‘”’2) and f(u)=u’. Hence by

Theorem (2), equation (9) has a solution which tends to
zero or oscillatory. One such oscillatory solution is

( _1 )”
x(n)= .
( ) 2"
Example 3. For the difference equation

Az[x(n)+Lx(n—l)}+4Lx(n—3) =0,n>3(10)
n—1 n-3

p(n)=L>Oforn>3,q(n)=4L and f(u)=u.
n-1 n-3

By theorem (3), the equation (10) is oscillatory.
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Figure-2
a0 T T

ot

a0

20r

20h 4

a0h ]

40t 4

) I . L . | . L . L .
0

Graph of solution of Equation (10)
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