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Abstract: In this paper, we have devoted our attention to the study of the modular arithmetic inverse of a rectangular matrix.  Here, we have 
shown that (AB) mod N = I, where A is of size m x n and B is of size n x m in which m < n. We have also established that the modular arithme-
tic inverse of a rectangular matrix does not exist, when m > n. 
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I. INTRODUCTION 

The study of the arithmetic inverse of a rectangular matrix 
attracted the attention of several researchers [1 – 3] in view of 
its wide variety of applications in networks, regression analy-
sis and least square curve fitting. The modular arithmetic in-
verse of a square matrix was introduced by Hill [4], and it was 
made use of in developing a block cipher in cryptography. In a 
recent paper, Sastry and Janaki [5] have developed a system-
atic procedure for obtaining the modular arithmetic inverse of 
a square matrix and they have employed it in the development 
of block ciphers in various ways [6 – 7].  

In the present paper, our objective is to develop the modular 
arithmetic inverse of a rectangular matrix. Here, we have 
shown that the arithmetic inverse of a rectangular matrix of 
size m x n exists only when m < n. This implies that the modu-
lar arithmetic inverse of a rectangular matrix also exists only 
when m < n.  

In what follows, we present the plan of this paper. In sec-
tion 2, we have presented a method for obtaining the modular 
arithmetic inverse of a rectangular matrix of size m x n, when 
m < n. In this, we have illustrated the procedure by giving sev-
eral examples. Then we have shown that the modular arithme-
tic inverse of a rectangular matrix does not exist, when m > n. 
Finally, section 3 is devoted to conclusions. 

II. MODULAR ARITHMETIC INVERSE OF A 
RECTANGULAR MATRIX 

Let A be an m x n matrix and B be an n x m matrix, 
where m < n. Let us assume that all the elements of A and B 
are positive integers, which are less than an integer N, and B is 
the modular arithmetic inverse of A. Then we can write an 
equation of the form  

(A B) mod N = I,    (2.1) 
where I is an Identity matrix of size m. 

On multiplying on both the sides of (2.1) by AT, where T 
denotes the transpose of the matrix, we get 

(Q B) mod N = AT    (2.2) 
in which Q = AT A is a square matrix of order n. 
We now obtain the arithmetic inverse of Q by using Gaus-

sian reduction method [8]. Then we find the modular arithme-
tic inverse of Q.  

Thus we have Q–1 governed by the relation  
(Q–1 Q) mod N = (Q Q–1) mod N = I.  (2.3) 

From (2.2) and (2.3), we have  
B = (Q–1 AT) mod N.    (2.4) 
In what follows, we present different rectangular matrices, 

denoted as A, and their corresponding modular arithmetic in-
verses, denoted as B, for various values of N, say N = 2, 128, 
and 256.  

For N = 2, we have 

 
 Some more examples related to the rectangular matrix 

and its modular arithmetic inverse, for various values of N, are 
presented in Appendix. In all the aforementioned examples, 
we have m < n. 

Now let us examine the case when m > n.  Let A be a matrix 
of size m x n, and D be a matrix of size n x m, where m > n. 
Let D be the arithmetic inverse of A. Then we have 

A D = I,     (1) 
where I is a unit matrix of size m. 

For simplicity, let us take an example, where  

 
Here, m = 3, and n = 2. 

From (1) – (3), we get a system of equations given by 
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Here, x1, y1, x2, y2, and x3, y3 are known to us. Now, we 

are to obtain the unknowns a1 and a2 from (4) – (6), b1 and b2 
from (7) – (9), and c1 and c2 from (10) – (12). 

Considering (5) and (6), and assuming that there is a non-
trivial solution for a1 and a2, we get 

x2 y3 – x3 y2 = 0.    (13) 
Similarly, from (7) and (9), we get 

x1 y3 – x3 y1 = 0,    (14) 
and from (10) and (11), we have 

x1 y2 – x2 y1 = 0.    (15) 
Thus, from (15), we can have 

x2 y2 
--- =  ---  = λ,     (16)  
x1 y1 

where λ is a constant. 
From (5) and (16), we get 

a1 x1 + a2 y1 = 0.     (17) 
On comparing, (5) and (17), we clearly see that they are 

inconsistent. Similarly, we can establish that, the second set 
(7) – (9), and the third set (10) – (12) are also inconsistent and 
hence, no solution can be obtained for (4) – (12). Thus, when 
A is given, D (the arithmetic inverse of A) cannot be deter-
mined, whenever m > n. As a consequence of this, the modular 
arithmetic inverse of A, say B, does not exist, in the case of a 
rectangular matrix, when m > n. 

It is interesting to note that, the modular arithmetic inverse 
of a rectangular matrix can be determined, only when m < n. 

III. CONCLUSIONS 

In this paper, we have developed a procedure for obtain-
ing the modular arithmetic inverse of a rectangular matrix. 
Here, we have shown that  

(AB) mod N = I    (3.1) 
where A is of size m x n and B is of size n x m, in which m < 
n. In this case we have presented a number of examples. Fur-
ther, we have established that the modular arithmetic inverse 
of a rectangular matrix does not exist, when m > n. Though we 
have illustrated the nonexistence of the modular arithmetic 
inverse of a rectangular matrix in a very simple case (m = 3, n 
= 2), this analysis can be generalised to any values of m and n, 
where m > n.    

Here, it is interesting to note that the modular arithmetic in-
verse of a rectangular matrix is expected to find a vide variety 
of applications in the areas of cryptography. 

IV. APPENDIX 

When N = 2, we have 

 

 
When N = 128, we have 

 
When N = 256, we have 
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