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1. INTRODUCTION AND PRILIMINARIES 

 
It was shown by S. Kashara [4] & [5] in 1975 that 

several known generalization of the Banach contraction 

theorem can be derived easily from a fixed point theorem in 

an 𝐿-space. Iseki [2] has used the fundamental idea of 

Kashara to investigate the generalization of some known 

fixed point theorem in 𝐿 −space.  

Many other mathematicians Yeh [13], Singh [10], 
Pachpatte [6], Pathak and Dubey [7], Jain, R. K and Sahu, 

H. K [3], Patel, Sahu and Sao [8], Patel and Patel [9], Som 

[11], Sao [12] did lot of work in 𝑳 − spaces. Recently 

Bhardwaj, Rajpoot and Yadava [1] also worked on       𝑳-

spaces. and produced some fixed point and common fixed 

point theorems. In this present paper a similar investigation 

for the study of fixed point and common fixed point 

theorems in 𝑳 −spaces are worked out. We find some fixed 

point and common fixed point theorems in 𝑳 −spaces. 

Definition 1.1: 𝑳 − 𝑺𝒑𝒂𝒄𝒆: Let 𝑁 be a set of all non 

negative integers and 𝑋 is a non-empty set. A pair (𝑋, →) of 

a set 𝑋 and a subset → of the set 𝑋𝑁 ×  𝑋, is called an 𝐿 −
𝑠𝑝𝑎𝑐𝑒 if  

(i) If 𝑥𝑛 = 𝑥, where 𝑥 ∈ 𝑋, for all 𝑛 ∈ 𝑁, then 

({𝑥𝑛}𝑛∈𝑁  , 𝑥) ∈→
 
 

(ii) ({𝑥𝑛}𝑛∈𝑁  , 𝑥) ∈→, then ({𝑥𝑛𝑖}𝑖∈𝑁  , 𝑥) ∈→, for 

every {𝑥𝑛𝑖
}

𝑖∈𝑁
  of {𝑥𝑛}𝑛∈𝑁 

             in what follows, we shall write {𝑥𝑛}𝑛∈𝑁  → 𝑥, 

 Or  𝑥𝑛 → 𝑥 instead of  ({𝑥𝑛}𝑛∈𝑁  , 𝑥) ∈→ and read 

{𝑥𝑛}𝑛∈𝑁  𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑥 . 

Definition 1.2: An 𝐿 −space (𝑋, →) is said to be separated 

if each sequence in 𝑋 converges to at most one point of 𝑋. 

Definition 1.3: A mapping 𝑇 of an 𝐿 − 𝑠𝑝𝑎𝑐𝑒 (𝑋, →) into 

an 𝐿 −space (𝑋, →) is said to be continuous if 𝑥𝑛 → 𝑥 ⇒

𝑇𝑥𝑛 → 𝑇𝑥, for some sub sequence {𝑥𝑛𝑖
}

𝑖∈𝑁
, {𝑥𝑛}𝑛∈𝑁. 

Definition 𝟏. 𝟒: Let 𝑑 be non-negative extended real valued 

function on                                     𝑋 × 𝑋,   0 ≤ 𝑑(𝑥, 𝑦) <
∞ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋, an 𝐿 −space (𝑋, →) is said to be  

𝑑 −complete if each sequence, {𝑥𝑛}𝑛∈𝑁 , in 𝑋 with 

∑d(𝑥𝑖 , 𝑦𝑖+1) < ∞ converges to at most one point of 𝑋.  

Definition 1.5: Let (𝑋, →) be an 𝐿 −space which is 

𝑑 −complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋, if (𝑋, →) is separated, then 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) = 0, 
implies 𝑥 = 𝑦 for every 𝑥, 𝑦 𝑖𝑛 𝑋 
2. Main Results 

Theorem 2.1: Let (𝑋, →) be a separated 𝐿 − 𝑠𝑝𝑎𝑐𝑒 which is 

𝑑 −complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋, with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 𝑖𝑛 𝑋. Let 𝐸 be a 

continuous self map of 𝑋 satisfying the conditions: 

[𝑑(𝐸𝑥, 𝐸𝑦)]2 ≤ ∅ {
𝑑(𝑥, 𝐸𝑥)𝑑(𝑦, 𝐸𝑦), 𝑑(𝑥, 𝐸𝑥)𝑑(𝑦, 𝐸𝑥),

 𝑑(𝑦, 𝐸𝑦)𝑑(𝑦, 𝐸𝑥), 𝑑(𝑥, 𝐸𝑦)𝑑(𝑦, 𝐸𝑥)
 }           

2.1(a) 

∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸 has a unique fixed point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, define sequence 

{𝑥𝑛} recurrently,              
𝐸𝑥0 = 𝑥1, 𝐸𝑥1 = 𝑥2, … … … … … . . 𝐸𝑥𝑛 = 𝑥𝑛+1  where, 𝑛 =
0,1,2,3, … 
Now by 2.1(a) we have 

[𝑑(𝑥1, 𝑥2)]2 = [𝑑(𝐸𝑥0, 𝐸𝑥1)]2

≤ ∅ {
𝑑(𝑥0, 𝐸𝑥0)𝑑(𝑥1, 𝐸𝑥1), 𝑑(𝑥0, 𝐸𝑥0), 𝑑(𝑥1, 𝐸𝑥0),

 𝑑(𝑥1, 𝐸𝑥1)𝑑(𝑥1, 𝐸𝑥0), 𝑑(𝑥0, 𝐸𝑥1)𝑑(𝑥1, 𝐸𝑥0)
 }   

                                                            ≤

∅ {
𝑑(𝑥0, 𝑥1)𝑑(𝑥1, 𝑥2), 𝑑(𝑥0, 𝑥1), 𝑑(𝑥1, 𝑥1),

 𝑑(𝑥1, 𝑥2)𝑑(𝑥1, 𝑥1), 𝑑(𝑥0, 𝑥2)𝑑(𝑥1, 𝑥1)
 }   

                                                             ≤
ℎ. 𝑑(𝑥0, 𝑥1)𝑑(𝑥1, 𝑥2)   
                                             𝑑(𝑥1, 𝑥2) ≤ ℎ. 𝑑(𝑥0, 𝑥1) 

Similarly                              𝑑(𝑥2, 𝑥3) ≤ ℎ. 𝑑(𝑥1, 𝑥2) 

                                                              ≤ ℎ. ℎ. 𝑑(𝑥0, 𝑥1) 

                                       ----------------------------------        

                                       ---------------------------------- 

                                           𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ ℎ𝑛 . 𝑑(𝑥0, 𝑥1), 
where ℎ < 1 
for every natural number we can say that ∑𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤
∞  
By 𝑑 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 of the space, the sequence  

{𝐸𝑛𝑥0}, 𝑛 ∈ 𝑁 converges to some 𝑢 in 𝑋.    By continuity of 

𝐸, the sub sequence {𝐸𝑛𝑖𝑥0} also converges to 𝑢. 

lim
𝑖→∞

𝐸𝑛𝑖+1𝑥0 = 𝐸𝑢 

                                                             lim
𝑖→∞

𝐸𝑛𝑖𝑥0 = 𝑢 

                                                      E (lim
𝑖→∞

𝐸𝑛𝑖𝑥0) = 𝐸𝑢 

                                                        lim
𝑖→∞

𝐸𝑛𝑖+1𝑥0 = 𝐸𝑢 
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⇒ 𝐸𝑢 = 𝑢 , so 𝑢  is a fixed point of 𝐸. 

Uniqueness:  In order to prove that 𝑢 is the unique fixed 

point of 𝐸, if possible let 𝑣 be any other fixed point of 𝐸 

(𝑣 ≠  𝑢). Then 

𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐸𝑣) 

[𝑑(𝐸𝑢, 𝐸𝑣)]2 ≤ ∅ {
𝑑(𝑢, 𝐸𝑢)𝑑(𝑣, 𝐸𝑣), 𝑑(𝑢, 𝐸𝑢)𝑑(𝑣, 𝐸𝑢),

 𝑑(𝑣, 𝐸𝑣)𝑑(𝑣, 𝐸𝑢), 𝑑(𝑢, 𝐸𝑣)𝑑(𝑣, 𝐸𝑢)
 }         

     [𝑑(𝑢, 𝑣)]2 ≤ ℎ[𝑑(𝑢, 𝑣)]2   

This is a contradiction because ℎ < 1. So 𝐸 has a unique 

fixed point in 𝑋. 

Now we will prove another fixed point theorem which is 

stronger than theorem 2.1. 

Theorem 2.2: Let (𝑋, →) be a separated 𝐿 −space which is 

𝑑 −complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋, with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 𝑖𝑛 𝑋. Let 𝐸 be a 

continuous self map of 𝑋 satisfying the conditions: 

𝑑(𝐸𝑥, 𝐸𝑦) ≤

𝑚𝑎𝑥 {
𝑑(𝑥, 𝐸𝑥)𝑑(𝑦, 𝐸𝑦), 𝑑(𝑥, 𝐸𝑥)𝑑(𝑦, 𝐸𝑥),

 𝑑(𝑦, 𝐸𝑦)𝑑(𝑦, 𝐸𝑥), 𝑑(𝑥, 𝐸𝑦)𝑑(𝑦, 𝐸𝑥)
 }

1

2

           2.2(a) 

∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸 has a unique fixed point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, define sequence 

{𝑥𝑛} recurrently,              
                            𝐸𝑥0 = 𝑥1, 𝐸𝑥1 = 𝑥2, … … … … 𝐸𝑥𝑛 = 𝑥𝑛+1  

where 𝑛 = 0,1,2,3, … 

Now by 2.2(a) we have 

                      𝑑(𝑥1, 𝑥2) = 𝑑(𝐸𝑥0, 𝐸𝑥1) ≤

𝑚𝑎𝑥 {
𝑑(𝑥0, 𝐸𝑥0)𝑑(𝑥1, 𝐸𝑥1), 𝑑(𝑥0, 𝐸𝑥0)𝑑(𝑥1, 𝐸𝑥0),

 𝑑(𝑥1, 𝐸𝑥1)𝑑(𝑥1, 𝐸𝑥0), 𝑑(𝑥0, 𝐸𝑥1)𝑑(𝑥1, 𝐸𝑥0)
 }

1

2

  

                                                               ≤

𝑚𝑎𝑥 {
𝑑(𝑥0, 𝑥1)𝑑(𝑥1, 𝑥2), 𝑑(𝑥0, 𝑥1)𝑑(𝑥1, 𝑥1),

 𝑑(𝑥1, 𝑥2)𝑑(𝑥1, 𝑥1), 𝑑(𝑥0, 𝑥2)𝑑(𝑥1, 𝑥1)
 }

1

2

   

                                                               ≤

{𝑑(𝑥0, 𝑥1)𝑑(𝑥1, 𝑥2) }
1

2  

                                               𝑑(𝑥1, 𝑥2) ≤ 𝑑(𝑥0, 𝑥1) 

             Similarly                   𝑑(𝑥2, 𝑥3) ≤ 𝑑(𝑥1, 𝑥2) ≤
𝑑(𝑥0, 𝑥1) 

------------------------------------------ 

------------------------------------------ 

                                        𝑑(𝑥𝑛 , 𝑥𝑛+1)   ≤………≤ 𝑑(𝑥0, 𝑥1), 

for every natural number we can say that 

                                                          ∑d(𝑥𝑛 , 𝑥𝑛+1) ≤ ∞  
By 𝑑 −completeness of the space, the sequence  {𝐸𝑛𝑥0},
𝑛 ∈ 𝑁 converges to some 𝑢 in 𝑋.       By continuity of 𝐸, the 

sub sequence {𝐸𝑛𝑖𝑥0} also converges to 𝑢. 

lim
𝑖→∞

𝐸𝑛𝑖+1𝑥0 = 𝐸𝑢 

                                                             lim
𝑖→∞

𝐸𝑛𝑖𝑥0 = 𝑢 

                                                      𝐸(lim
𝑖→∞

𝐸𝑛𝑖𝑥0) = 𝐸𝑢  

                                                        lim
𝑖→∞

𝐸𝑛𝑖+1𝑥0 = 𝐸𝑢 

⇒ 𝐸𝑢 = 𝑢 , so 𝑢  is a fixed point of 𝐸. 

Uniqueness:  Now to prove the uniqueness of the fixed 

point 𝑢 of 𝐸, contrarily assume that there is another possible 

fixed point 𝑣 of 𝐸 and 𝑣 ≠  𝑢. Then 

𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐸𝑣) 

𝑑(𝐸𝑢, 𝐸𝑣) ≤ {
𝑑(𝑢, 𝐸𝑢)𝑑(𝑣, 𝐸𝑣), 𝑑(𝑢, 𝐸𝑢)𝑑(𝑣, 𝐸𝑢),

 𝑑(𝑣, 𝐸𝑣)𝑑(𝑣, 𝐸𝑢), 𝑑(𝑢, 𝐸𝑣)𝑑(𝑣, 𝐸𝑢)
 }

1
2

   

𝑑(𝑢, 𝑣) ≤ 𝑑(𝑢, 𝑣) 

This is a contradiction. So 𝐸 has a unique fixed point in 𝑋. 

Theorem 2.3: Let (𝑋, →) be a separated 𝐿 −space which is 

𝑑 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋, with 𝑑(𝑥, 𝑥) = 0 for all  𝑥 𝑖𝑛 𝑋. Let 𝐸 and 𝑇 be two 

continuous self map of 𝑋 satisfying the conditions: 

                𝐸𝑇 =  𝑇𝐸, 𝐸(𝑋)  ⊆  𝑇(𝑋)                                                               

2.3(a)   

        [𝑑(𝐸𝑥, 𝐸𝑦)]2 ≤

∅ {
𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑦), 𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑥),

 𝑑(𝑇𝑦, 𝐸𝑦)𝑑(𝑇𝑦, 𝐸𝑥), 𝑑(𝑇𝑥, 𝐸𝑦)𝑑(𝑇𝑦, 𝐸𝑥)
 }                   

2.3(b)    

                  ∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸  and 𝑇 has a unique common 

fixed point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, since 𝐸(𝑋)  ⊆
 𝑇(𝑋), we can choose 𝑥1 ∈ 𝑋 such that    𝐸𝑥0 = 𝑇𝑥1, 𝐸𝑥1 =
𝑇𝑥2, … … … … … . . 𝐸𝑥𝑛 = 𝑇𝑥𝑛+1 For 𝑛 = 1,2,3, …                                                                       
[𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2)]2 = [𝑑(𝐸𝑥𝑛 , 𝐸𝑥𝑛+1)]2

≤ ∅ {
𝑑(𝑇𝑥𝑛 , 𝐸𝑥𝑛)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛+1), 𝑑(𝑇𝑥𝑛 , 𝐸𝑥𝑛)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛),

 𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛), 𝑑(𝑇𝑥𝑛 , 𝐸𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1 , 𝐸𝑥𝑛)
 }   

                                                                                                ≤

∅ {
𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2), 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1), 𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1),

 𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2)𝑑(𝑇𝑥𝑛+1 , 𝑇𝑥𝑛+1), 𝑑(𝑇𝑥𝑛 , 𝐸𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1)
 }   

𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2) ≤ ℎ. 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1) 

 --------------------------------------------        

 -------------------------------------------- 

Hence, 𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2) ≤ ℎ𝑛 . 𝑑(𝑇𝑥1, 𝑇𝑥2)                                                

For every natural number 𝑚 ,we can write the  
∑ d(𝑥𝑚 , 𝑥𝑚+1)∞

m < ∞  
By 𝑑 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 of 𝑥, the sequence {𝑇𝑛𝑥0}𝑛∈𝑁 

converges to some 𝑢 ∈ 𝑋.Since 𝐸(𝑥) ⊆ 𝑇(𝑥), therefore the 

subsequence 𝑡 of {𝑇𝑛𝑥0} such that, 𝐸(𝑇(𝑢)) → 𝐸𝑢, and 

𝑇(𝐸(𝑢)) → 𝑇𝑢,So we have, 𝐸𝑢 = 𝑇𝑢 

Since lim
𝑛→∞

𝑇𝑛𝑋0 = 𝑢 , 𝑇( lim
𝑛→∞

𝑇𝑛𝑋0) = 𝑇𝑢--------------------

-(2.3.1)  
This implies that 𝑇𝑢 = 𝑢 . Hence 𝑇𝑢 = 𝐸𝑢 = 𝑢 

Thus 𝑢 is common fixed point of  𝐸 and 𝑇. 

Uniqueness: For the uniqueness of the common fixed point, 

if possible let 𝑣 be any other common fixed point of 𝐸and 𝑇. 

Then from 2.3(𝑏)                                                                                     

                                     𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐸𝑣) 

[𝑑(𝐸𝑢, 𝐸𝑣)]2 ≤

∅ {
𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑣), 𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑢),

 𝑑(𝑇𝑣, 𝐸𝑣)𝑑(𝑇𝑣, 𝐸𝑢), 𝑑(𝑇𝑢, 𝐸𝑣)𝑑(𝑇𝑣, 𝐸𝑢)
 }         

     [𝑑(𝑢, 𝑣)]2 ≤ ℎ. [𝑑(𝑢, 𝑣)]2   

Which is a contradiction because ℎ < 1. Hence 𝐸 and 𝑇 

have a unique common fixed point in 𝑋. 

Theorem 2.4: Let(𝑋, →)be a separated 𝐿-Space which is 𝑑-

complete for a non negative real valued function 𝑑 on 𝑋 × 𝑋 

with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸 and  𝑇 be two 

continuous self mappings of 𝑋. Satisfying the conditions: 

            𝐸𝑇 = 𝑇𝐸, 𝐸(𝑋) ⊆ 𝑇(𝑋)         2.4(𝑎)                                                                                                                                                                                                   

             𝑑(𝐸𝑥, 𝐸𝑦) ≤

𝑚𝑎𝑥 {
𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑦), 𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑥),

 𝑑(𝑇𝑦, 𝐸𝑦)𝑑(𝑇𝑦, 𝐸𝑥), 𝑑(𝑇𝑥, 𝐸𝑦)𝑑(𝑇𝑦, 𝐸𝑥)
 }

1

2

                            

2.4(𝑏) 

∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸  and T has a unique common fixed 

point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, since 𝐸(𝑋)  ⊆
 𝑇(𝑋), we can choose 𝑥1 ∈ 𝑋 such that    𝐸𝑥0 = 𝑇𝑥1, 𝐸𝑥1 =
𝑇𝑥2, … … … … … . . 𝐸𝑥𝑛 = 𝑇𝑥𝑛+1. For 𝑛 = 1,2,3, …  
𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2) = 𝑑(𝐸𝑥𝑛, 𝐸𝑥𝑛+1)   

≤ 𝑚𝑎𝑥 {
𝑑(𝑇𝑥𝑛, 𝐸𝑥𝑛)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛+1), 𝑑(𝑇𝑥𝑛, 𝐸𝑥𝑛)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛),

 𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛), 𝑑(𝑇𝑥𝑛, 𝐸𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝐸𝑥𝑛)
 }

1
2
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                           ≤

𝑚𝑎𝑥 {
𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2), 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1),

 𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1), 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+2)𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1)
 }

1

2

  

                          ≤ {𝑑(𝑇𝑥𝑛 , 𝑇𝑥𝑛+1) }
1

2 

-------------------------------------------- 

-------------------------------------------- 

      𝑑(𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2) ≤ 𝑑(𝑇𝑥1, 𝑇𝑥2), 

for every natural number 𝑚, we can say that 
∑ d(𝑥𝑚 , 𝑥𝑚+1)∞

m < ∞  
By 𝑑 −completeness of X, the sequence  {𝑇𝑛𝑥0}𝑛∈𝑁 , 
converges to some 𝑢 in 𝑋.                   Since 𝐸(𝑋 ⊆
 𝑇(𝑋),so  E(T(u)) → 𝐸𝑢,and T(E(u)) → 𝑇𝑢  we have  Eu →

𝑇𝑢,  

Since                                         lim
𝑛→∞

𝑇𝑛𝑥0 = 𝑢 

                                      𝑇(lim
𝑛→∞

𝑇𝑛𝑥0) = 𝑇𝑢    -------------------

----------(2.4.1) 

  ⇒ 𝑇𝑢 = 𝑢 , 
Hence 𝑇𝑢 = 𝐸𝑢 = 𝑢 .So 𝑢  is common fixed point of 

𝐸 𝑎𝑛𝑑 𝑇. 

Uniqueness:  In order to prove that 𝑢 is the unique fixed 

point of 𝐸, if possible let 𝑣 be any other fixed point of 

𝐸 𝑎𝑛𝑑 𝑇,  (𝑣 ≠  𝑢). Then from (2.4) (b) 

𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐸𝑣) 

𝑑(𝐸𝑢, 𝐸𝑣) ≤

𝑚𝑎𝑥 {
𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑣), 𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑢),

 𝑑(𝑇𝑣, 𝐸𝑣)𝑑(𝑇𝑣, 𝐸𝑢), 𝑑(𝑇𝑢, 𝐸𝑣)𝑑(𝑇𝑣, 𝐸𝑢)
 }

1

2

                                                

𝑑(𝑢, 𝑣) ≤ [𝑑(𝑢, 𝑣)]
1

2 
Which is a contradiction. Hence 𝐸 𝑎𝑛𝑑 𝑇 have a unique 

common fixed point in 𝑋. 

In next theorems we will prove the common fixed point 

theorems for three mappings. 

Theorem 2.5: Let(𝑋, →) be a separated 𝐿-Space which is 𝑑-

complete for a non-negative real valued function 𝑑 on 𝑋 × 𝑋 

with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸, 𝐹, 𝑇 be three 

continuous self mappings of 𝑋. Satisfying the conditions: 

                𝐸𝑇 =  𝑇𝐸, 𝐹𝑇 = 𝑇𝐹, 𝐸(𝑋) ⊂  𝑇(𝑋)𝐴𝑛𝑑 𝐹(𝑋) ⊂
 𝑇(𝑋)                                         2.5(a) 

                 [𝑑(𝐸𝑥, 𝐹𝑦)]2 ≤

∅ {
𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐹𝑦), 𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑥),

 𝑑(𝑇𝑦, 𝐹𝑦)𝑑(𝑇𝑦, 𝐸𝑥), 𝑑(𝑇𝑥, 𝐹𝑦)𝑑(𝑇𝑦, 𝐸𝑥)
 }                          

2.5(b)         

                      ∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸, 𝐹, 𝑇  has a unique 

common fixed point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, since 𝐸(𝑋) ⊂
𝑇(𝑋),we can choose 𝑥1 ∈ 𝑋 such that    𝑇𝑥1 = 𝐸𝑥0,also 

𝐹(𝑥) ⊂ 𝑇(𝑋).We can choose a point 𝑥2 in 𝑋 such that 

𝑇𝑥2 = 𝐹𝑥1. 
In general we can choose the point 

𝑇𝑥2𝑛+1 = 𝐸𝑥2𝑛,  -----------------(2.5.1) 

𝑇𝑥2𝑛+2 = 𝐹𝑥2𝑛+1,  --------------(2.5.2) 

For every 𝑛 ∈ 𝑁, we have 

[𝑑(𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2)]2 = [𝑑(𝐸𝑥2𝑛 , 𝐹𝑥2𝑛+1)]2 

 [𝑑(𝐸𝑥, 𝐹𝑦)]2     ≤

∅ {
𝑑(𝑇𝑥2𝑛 , 𝐸𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝐹𝑥2𝑛+1), 𝑑(𝑇𝑥2𝑛 , 𝐸𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛),

 𝑑(𝑇𝑥2𝑛+1, 𝐹𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛), 𝑑(𝑇𝑥2𝑛, 𝐹𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛)
 }   

𝑑(𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2) ≤ ℎ 𝑑(𝑇𝑥2𝑛 , 𝑇𝑥2𝑛+1)       For 𝑛 = 1,2,3, 
------------------,     

Similarly 

                        (𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2) ≤ ℎ𝑛𝑑(𝑇𝑥1, 𝑇𝑥0) 

                           ∑ d(T𝑥2𝑖+1, T𝑥2𝑖+2)∞
i=0 < ∞  

Thus the 𝑑 −completeness of the space implies the sequence 

{𝑇𝑛𝑥0}𝑛∈𝑁 converges to some 𝑢 ∈ 𝑋. So by (2.5.1) and 

(2.5.2), (𝐸𝑛𝑥0)𝑛 ∈ 𝑁, and (𝐹𝑛𝑥0)𝑛 ∈ 𝑁 also converges to 

the some point 𝑢 respectively. 

Since 𝐸, 𝑇𝑎𝑛𝑑 𝐹 are continuous, there is a subsequence 𝑡 of 

{𝑇𝑛𝑥0}, 𝑛 ∈ 𝑁 such that    𝐸(𝑇(𝑡)) → 𝐸𝑢, 𝑇(𝐸(𝑡)) →

𝑇𝑢, 𝐹(𝑇(𝑡)) → 𝐹𝑢 and 𝑇(𝐹(𝑡)) → 𝑇𝑢 

Hence we have,                                  𝐸𝑢 = 𝐹𝑢 = 𝑇𝑢 ---------

-----------------------------------(2.5.3) 

Thus 𝑇(𝑇𝑢) = 𝑇(𝐸𝑢) = 𝐸(𝐹𝑢) = 𝑇(𝐹𝑢) = 𝐹(𝑇𝑢) =
𝐸(𝑇𝑢) = 𝐹(𝐸𝑢) = 𝐹(𝐹𝑢)---------(2.5.4) 

Now if 𝐸𝑢 ≠ 𝐹(𝐸𝑢) 

[𝑑(𝐸𝑢, 𝐹(𝐸𝑢))]2

≤ ∅ {
𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇(𝐸𝑢), 𝐹(𝐸𝑢)), 𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇(𝐸𝑢), 𝐸𝑢),

𝑑(𝑇(𝐸𝑢), 𝐹(𝐸𝑢))𝑑(𝑇(𝐸𝑢), 𝐸𝑢), 𝑑(𝑇𝑢, 𝐹(𝐸𝑢))𝑑(𝑇(𝐸𝑢), 𝐸𝑢)
 } 

[𝑑(𝐸𝑢, 𝐹(𝐸𝑢))]2 ≤ ℎ 𝑑 (𝑇𝑢, 𝐹(𝐸𝑢))𝑑 (𝑇𝑢, 𝐹(𝐸𝑢)) 

[𝑑(𝐸𝑢, 𝐹(𝐸𝑢))] ≤ ℎ[𝑑(𝐸𝑢, 𝐹(𝐸𝑢))]  

Which is a contradiction. Hence 𝐸𝑢 = 𝐹(𝐸𝑢) -----------------

----------------------------------(2.5.5) 

From (2.5.4) and (2.5.5) we have 

𝐸𝑢 = 𝐹(𝐸𝑢) = 𝑇(𝐸𝑢) = 𝐸(𝐸𝑢) 
Hence 𝐸𝑢 is a common fixed point of 𝐸, 𝐹𝑎𝑛𝑑 𝑇. 
Uniqueness: For the uniqueness of the common fixed point, 

if possible let 𝑢 and 𝑣 , (𝑣 ≠  𝑢) be  two common fixed 

point of 𝐸, 𝐹 and 𝑇.Then from (2.5) (𝑏) 𝑑(𝑢, 𝑣) =
𝑑(𝐸𝑢, 𝐹𝑣) 

[𝑑(𝐸𝑢, 𝐹𝑣)]2 ≤

∅ {
𝛼𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐹𝑣), 𝛽𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑢),

 𝑑(𝑇𝑣, 𝐹𝑣)𝑑(𝑇𝑣, 𝐸𝑢), 𝑑(𝑇𝑢, 𝐹𝑣)𝑑(𝑇𝑣, 𝐸𝑢)
 }         

     [𝑑(𝑢, 𝑣)]2 ≤ ℎ. [𝑑(𝑢, 𝑣)]2   

Which is a contradiction. Hence 𝑢 = 𝑣. 
So 𝐸, 𝐹𝑎𝑛𝑑 𝑇  have a unique common fixed point. 

Theorem 2.6: Let (𝑋, →) be a separated 𝐿-Space which is 

𝑑-complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋 with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸, 𝐹𝑎𝑛𝑑 𝑇 be 

three continuous self mappings of 𝑋. Satisfying the 

conditions: 

                𝐸𝑇 =  𝑇𝐸, 𝐹𝑇 = 𝑇𝐹, 𝐸(𝑋) ⊂  𝑇(𝑋)𝐴𝑛𝑑 𝐹(𝑋) ⊂
 𝑇(𝑋)                                         2.6(a) 

         𝑑(𝐸𝑥, 𝐹𝑦) ≤

𝑚𝑎𝑥 {
𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐹𝑦), 𝑑(𝑇𝑥, 𝐸𝑥)𝑑(𝑇𝑦, 𝐸𝑥),

 𝑑(𝑇𝑦, 𝐹𝑦)𝑑(𝑇𝑦, 𝐸𝑥), 𝑑(𝑇𝑥, 𝐹𝑦)𝑑(𝑇𝑦, 𝐸𝑥)
 }

1

2

                                 

2.6(b) 

∀ 𝑥, 𝑦 ∈ 𝑋. Then  𝐸, 𝐹 𝑎𝑛𝑑 𝑇  has a unique common fixed 

point. 

Proof: Let 𝑥0 be an arbitrary point in 𝑋, since 𝐸(𝑋) ⊂
𝑇(𝑋), we can choose 𝑥1 ∈ 𝑋 such that    𝑇𝑥1 = 𝐸𝑥0,also 

𝐹(𝑥) ⊂ 𝑇(𝑋).We can choose a point 𝑥2 in 𝑋 such that 

𝑇𝑥2 = 𝐹𝑥1. 
In general we can choose the point 

𝑇𝑥2𝑛+1 = 𝐸𝑥2𝑛,  -----------------(2.6.1) 

𝑇𝑥2𝑛+2 = 𝐹𝑥2𝑛+1,  --------------(2.6.2) 

For every 𝑛 ∈ 𝑁, we have 

𝑑(𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2) = 𝑑(𝐸𝑥2𝑛 , 𝐸𝑥2𝑛+1)           

≤ 𝑚𝑎𝑥 {
𝑑(𝑇𝑥2𝑛 , 𝐸𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝐹𝑥2𝑛+1), 𝑑(𝑇𝑥𝑛 , 𝐸𝑥𝑛)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛),

 𝑑(𝑇𝑥2𝑛+1, 𝐹𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛), 𝑑(𝑇𝑥2𝑛 , 𝐹𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝐸𝑥2𝑛)
 }

1
2

  

           𝑑(𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2) ≤ 𝑑(𝑇𝑥2𝑛, 𝑇𝑥2𝑛+1)   𝐹𝑜𝑟 𝑛 =
1,2,3,------------------- 
-------------------------------------------- 

-------------------------------------------- 

      𝑑(𝑇𝑥2𝑛+1, 𝑇𝑥2𝑛+2) ≤ 𝑑(𝑇𝑥1, 𝑇𝑥0), 
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∑ d(T𝑥2𝑖+1, T𝑥2𝑖+2)

∞

i=0

< ∞  

Thus the 𝑑 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 of the space implies the 

sequence {𝑇𝑛𝑥0}𝑛∈𝑁 converges to some 𝑢 ∈ 𝑋. So  

(𝐸𝑛𝑥0)𝑛 ∈ 𝑁, and (𝐹𝑛𝑥0)𝑛 ∈ 𝑁 also converges to the some 

point 𝑢 respectively. 

Since 𝐸, 𝑇𝑎𝑛𝑑 𝐹 are continuous, there is a subsequence 𝑡 of 

{𝑇𝑛𝑥0}, 𝑛 ∈ 𝑁 such that    𝐸(𝑇(𝑡)) → 𝐸𝑢, 𝑇(𝐸(𝑡)) →

𝑇𝑢, 𝐹(𝑇(𝑡)) → 𝐹𝑢 and 𝑇(𝐹(𝑡)) → 𝑇𝑢 

Hence we have 𝐸𝑢 = 𝐹𝑢 = 𝑇𝑢 ----------------------------------

----------------------------------(2.6.3) 

Thus 𝑇(𝑇𝑢) = 𝑇(𝐸𝑢) = 𝐸(𝐹𝑢) = 𝑇(𝐹𝑢) = 𝐹(𝑇𝑢) =
𝐸(𝑇𝑢) = 𝐹(𝐸𝑢) = 𝐹(𝐹𝑢)-------(2.6.4) 

Now if 𝐸𝑢 ≠ 𝐹(𝐸𝑢) 

  𝑑(𝐸𝑢, 𝐹(𝐸𝑢)) ≤

{
𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇(𝐸𝑢), 𝐹(𝐸𝑢)), 𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇(𝐸𝑢), 𝐸𝑢),

 𝑑(𝑇(𝐸𝑢), 𝐹(𝐸𝑢))𝑑(𝑇(𝐸𝑢), 𝐸𝑢), 𝑑(𝑇𝑢, 𝐹(𝐸𝑢))𝑑(𝑇(𝐸𝑢), 𝐸𝑢)
 }

1

2

       

                  𝑑(𝐸𝑢, 𝐹(𝐸𝑢)) ≤

{[𝑑(𝑇𝑢, 𝐹(𝐸𝑢))𝑑(𝑇𝑢, 𝐹(𝐸𝑢))] }
1

2                 
𝑑(𝐸𝑢, 𝐹(𝐸𝑢))] ≤ [𝑑(𝐸𝑢, 𝐹(𝐸𝑢))]  

Which is a contradiction. Hence 𝐸𝑢 = 𝐹(𝐸𝑢) -----------------

---------------------------------(2.6.5) 

so  𝐸𝑢 = 𝐹(𝐸𝑢) = 𝑇(𝐸𝑢) = 𝐸(𝐸𝑢) 

Hence 𝐸𝑢 is a common fixed point of 𝐸, 𝐹 𝑎𝑛𝑑  𝑇. 
Uniqueness: In order to prove that 𝑢 is the unique common 

fixed point of 𝐸, 𝐹and 𝑇. If possible let 𝑣 be any other 

common fixed point of 𝐹 𝑎𝑛𝑑 𝑇  (𝑣 ≠  𝑢). Then we have 

𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐹𝑣) 

𝑑(𝐸𝑢, 𝐹𝑣) ≤

𝑚𝑎𝑥 {
𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐹𝑣), 𝑑(𝑇𝑢, 𝐸𝑢)𝑑(𝑇𝑣, 𝐸𝑢),

 𝑑(𝑇𝑣, 𝐹𝑣)𝑑(𝑇𝑣, 𝐸𝑢), 𝑑(𝑇𝑢, 𝐹𝑣)𝑑(𝑇𝑣, 𝐸𝑢)
 }

1

2

                                                

𝑑(𝑢, 𝑣) ≤ 𝑑(𝑢, 𝑣) 
Which is a contradiction. Hence 𝑢 = 𝑣. So 𝐸, 𝐹 𝑎𝑛𝑑 𝑇 have 

a unique common fixed point in . 
Theorem 2.7: Let (𝑋, →) be a separated 𝐿-Space which is 

𝑑-complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋 with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸, 𝐹𝑎𝑛𝑑 𝑇 be 

three continuous self mappings of 𝑋. satisfying the 

conditions: 

                𝐸𝑇 =  𝑇𝐸, 𝐹𝑇 = 𝑇𝐹, 𝐸(𝑋) ⊂  𝑇(𝑋) 𝑎𝑛𝑑 𝐹(𝑋) ⊂
 𝑇(𝑋)                                         2.7(a) 

        [𝑑(𝐸𝑝𝑥, 𝐹𝑞𝑦)]2 ≤

∅ {
𝑑(𝑇𝑥, 𝐸𝑝𝑥)𝑑(𝑇𝑦, 𝐹𝑞𝑦), 𝑑(𝑇𝑥, 𝐸𝑝𝑥)𝑑(𝑇𝑦, 𝐸𝑝𝑥),

 𝑑(𝑇𝑦, 𝐹𝑞𝑦)𝑑(𝑇𝑦, 𝐸𝑝𝑥), 𝑑(𝑇𝑥, 𝐹𝑞𝑦)𝑑(𝑇𝑦, 𝐸𝑝𝑥)
 }                       

2.7(b)   

∀ 𝑥, 𝑦 ∈ 𝑋. 𝑇𝑥 ≠ 𝑇𝑦. If some positive integer 𝑝, 𝑞 exists 

such that 𝐸𝑝, 𝐹𝑞𝑎𝑛𝑑 𝑇 are continuous. Then  𝐸, 𝐹 𝑎𝑛𝑑 𝑇  
have a unique fixed point in 𝑋. 

Proof: It follows from 2.6(a) 

𝐸𝑝𝑇 =  𝑇𝐸𝑝, 𝐹𝑞𝑇 = 𝑇𝐹𝑞 , 𝐸𝑝(𝑋) ⊂  𝑇(𝑋)-----------------

(2.7.1)                                                                                          

 𝑎𝑛𝑑                                       𝐹𝑞(𝑋) ⊂  𝑇(𝑋)------------------

(2.7.2) 

i.e. u is the fixed point of 𝑇, 𝐸𝑝𝑎𝑛𝑑 𝐹𝑞. 

Now𝑇(𝐸𝑢) = 𝐸(𝑇𝑢) = 𝐸(𝑢) = 𝐸(𝐸𝑝𝑢) = 𝐸𝑝(𝐸𝑢)------

(2.7.3)                                                    𝑇(𝐹𝑢) = 𝐹(𝑇𝑢) =
𝐹(𝑢) = 𝐹(𝐹𝑞𝑢) = 𝐹𝑞(𝐹𝑢)------(2.7.4) 

Hence it follows that 𝐸𝑢 is common fixed point of 

𝑇, 𝐸𝑝 𝑎𝑛𝑑 𝐹𝑢 is a common fixed point of 𝑇 𝑎𝑛𝑑 𝐹𝑞 . The 

uniqueness of 𝑢, can be proved easily. 

Theorem 2.8: Let (𝑋, →) be a separated 𝐿-Space which is 

𝑑-complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋 with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸, 𝐹𝑎𝑛𝑑 𝑇 be 

three continuous self mappings of 𝑋, satisfying the 

conditions: 

𝑑(𝐸𝑝𝑥, 𝐹𝑞𝑦) ≤

∅ {
𝑑(𝑇𝑥, 𝐸𝑝𝑥)𝑑(𝑇𝑦, 𝐹𝑞𝑦), 𝑑(𝑇𝑥, 𝐸𝑝𝑥)𝑑(𝑇𝑦, 𝐸𝑝𝑥),

 𝑑(𝑇𝑦, 𝐹𝑞𝑦)𝑑(𝑇𝑦, 𝐸𝑝𝑥), 𝑑(𝑇𝑥, 𝐹𝑞𝑦)𝑑(𝑇𝑦, 𝐸𝑝𝑥)
 }

1

2

                                  

2.8(a)         

∀ 𝑥, 𝑦 ∈ 𝑋. Tx ≠ 𝑇𝑦 .If some positive integer 𝑝, 𝑞 exists 

such that 𝐸𝑝, 𝐹𝑞𝑎𝑛𝑑 𝑇 are continuous. Then  𝐸, 𝐹, 𝑇  have a 

unique fixed point in 𝑋. 

Proof: The proof is similar as the Theorem (2.7). 
Now we will prove some common fixed point theorem for 

four mappings, which contains rational expressions. 

Theorem 2.9: Let (𝑋, →) be a separated 𝐿-Space which is 

𝑑-complete for a non-negative real valued function 𝑑 on 

𝑋 × 𝑋 with 𝑑(𝑥, 𝑥) = 0 for all 𝑥 in 𝑋. Let 𝐸, 𝐹, 𝑇𝑎𝑛𝑑 𝑆 be 

four continuous self mappings of 𝑋. Satisfying the 

conditions: 

𝐸𝑆 =  𝑆𝐸, 𝐹𝑇 = 𝑇𝐹, 𝐸(𝑋) ⊂  𝑇(𝑋) 𝑎𝑛𝑑 𝐹(𝑋) ⊂  𝑆(𝑋)                                                         
2.9(a)                

𝑑(𝐸𝑥, 𝐹𝑦) ≤

𝛼 𝑚𝑎𝑥 [𝑑(𝑆𝑥, 𝑇𝑦), {
𝑑(𝐸𝑥,𝑇𝑦)+𝑑(𝑆𝑥,𝐹𝑥)

𝑑(𝑆𝑥,𝑇𝑦)+𝑑(𝐸𝑥,𝑇𝑦)
} , 𝑑(𝑆𝑥, 𝐸𝑥), {

𝑑(𝐹𝑦,𝑇𝑦)+𝑑(𝐸𝑥,𝑇𝑦)

𝑑(𝑆𝑥,𝑇𝑦)+𝑑(𝐸𝑥,𝑇𝑦)
}]     

      2.9(b) 

∀ 𝑥, 𝑦 ∈ 𝑋 𝑤𝑖𝑡ℎ [𝑑(𝑆𝑥, 𝑇𝑦) + 𝑑(𝐸𝑥, 𝑇𝑦)] ≠ 0. 
Then 𝐸, 𝐹, 𝑇 𝑎𝑛𝑑 𝑆 have a unique fixed point. 

Proof: Let 𝑥0 ∈ 𝑋, there exists a point 𝑥1 ∈ 𝑋,such that 

𝑇𝑥1 = 𝐸𝑥0 and for this point 𝑥1we can choose a point 𝑥2 ∈
𝑋,such that 𝐹𝑥1 = 𝑆𝑥2  and so on inductively,we can define 

a sequence {𝑦𝑛} in  𝑋 such that  

𝑦2𝑛 = 𝑇𝑥2𝑛+1 = 𝐸𝑥2𝑛  and 𝑦2𝑛+1 = 𝑆𝑥2𝑛+2 = 𝐹𝑥2𝑛+1 

where 𝑛 = 0,1,2, − − − 

We have, 𝑑(𝑦2𝑛 , 𝑦2𝑛+1) = 𝑑(𝐸𝑥2𝑛 , 𝐹𝑥2𝑛+1) 

 

                                           ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1), {

𝑑(𝐸𝑥2𝑛,𝑇𝑥2𝑛+1)+𝑑(𝑆𝑥2𝑛,𝐹𝑥2𝑛)

𝑑(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1)+𝑑(𝐸𝑥2𝑛,𝑇𝑥2𝑛+1)
} ,

𝑑(𝑆𝑥2𝑛 , 𝐸𝑥2𝑛), {
𝑑(𝐹𝑥2𝑛+1,𝑇𝑥2𝑛+1)+𝑑(𝐸𝑥2𝑛,𝑇𝑥2𝑛+1)

𝑑(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1)+𝑑(𝐸𝑥2𝑛,𝑇𝑥2𝑛+1)
}

 }   

                                            ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1), {

𝑑(𝑇𝑥2𝑛+1,𝑇𝑥2𝑛+1)+𝑑(𝑇𝑥2𝑛+1,𝑇𝑥2𝑛+1)

𝑑(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1)+𝑑(𝑇𝑥2𝑛+1,𝑇𝑥2𝑛+1)
} ,

𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1), {
𝑑(𝐹𝑥2𝑛+1,𝑇𝑥2𝑛+1)+𝑑(𝑇𝑥2𝑛+1,𝑇𝑥2𝑛+1)

𝑑(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1)+𝑑(𝑇𝑥2𝑛+1,𝑇𝑥2𝑛+1)
}

 }           

                                            ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 0,

𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1), {
𝑑(𝑆𝑥2𝑛,𝐹𝑥2𝑛+1)

𝑑(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1)
}
 }   

Case I: 𝑑(𝑦2𝑛, 𝑦2𝑛+1) = 𝑑(𝐸𝑥2𝑛 , 𝐹𝑥2𝑛+1) ≤
𝛼 {𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1)} 

Hence   𝑑(𝑦2𝑛 , 𝑦2𝑛+1) ≤ 𝑑(𝑦2𝑛−1, 𝑦2𝑛) 

For every integer 𝑝 > 0,  we get 

𝑑(𝑦𝑛 , 𝑦𝑛+𝑝) ≤ 𝑑(𝑦𝑛, 𝑦𝑛+1) + 𝑑(𝑦𝑛+1, 𝑦𝑛+2) + ------

+𝑑(𝑦𝑛+𝑝−1, 𝑦𝑛+𝑝) 

 

𝑑(𝑦𝑛 , 𝑦𝑛+𝑝) ≤ {
𝑎𝑝

1 − 𝑎
}𝑑(𝑦𝑛 , 𝑦𝑛+1) 
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Letting 𝑛 → ∞, we have 𝑑(𝑦𝑛, 𝑦𝑛+𝑝) → 0. Therefore {𝑦𝑛} is 

a Cauchy sequence in 𝑋. By 𝑑 −completeness of 𝑋, 
{𝑦𝑛}𝑛∈𝑁  is converges to some 𝑢 ∈ 𝑋. So subsequence 
{𝐸𝑥2𝑛}, {𝐹𝑥2𝑛+1}, {𝑇𝑥2𝑛+1}𝑎𝑛𝑑 {𝑆𝑥2𝑛+2}𝑜𝑓 {𝑦𝑛}  also 

converges to same point 𝑢. Since 𝐸, 𝐹, 𝑇 𝑎𝑛𝑑 𝑆 are 

continuous, such that 

𝐸[𝑆(𝑥𝑛)] → 𝐸𝑢, 𝑆[𝐸(𝑥𝑛)] → 𝑆𝑢, 𝐹[𝑇(𝑥𝑛)]
→ 𝐹𝑢 𝑎𝑛𝑑 𝑇[𝐹(𝑥𝑛)] → 𝑇𝑢 

So, by weak compatibility 𝐸𝑢 = 𝑆𝑢, 𝐹𝑢 = 𝑇𝑢. Now from 

2.9(a) and 2.9(b)    𝑑(𝐸2𝑥2𝑛, 𝐹𝑥2𝑛+1) =
𝑑(𝐸(𝐸𝑥2𝑛), 𝐹𝑥2𝑛+1) 

                               ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆(𝐸𝑥2𝑛), 𝑇𝑥2𝑛+1), {

𝑑(𝐸(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)+𝑑(𝑆(𝐸𝑥2𝑛),𝐸(𝐸𝑥2𝑛)

𝑑(𝑆(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)+𝑑(𝐸(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)
} ,

𝑑(𝑆(𝐸𝑥2𝑛), 𝐸(𝐸𝑥2𝑛)), {
𝑑(𝐹𝑥2𝑛+1,𝑇𝑥2𝑛+1)+𝑑(𝐸(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)

𝑑(𝑆(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)+𝑑(𝐸(𝐸𝑥2𝑛),𝑇𝑥2𝑛+1)
}
 }     

                                    ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆𝑢, 𝑢), {

𝑑(𝐸𝑢,𝑢)+𝑑(𝑆𝑢,𝐸𝑢)

𝑑(𝑆𝑢,𝑢)+𝑑(𝐸𝑢,𝑢)
} ,

𝑑(𝑆𝑢, 𝐸𝑢), {
𝑑(𝑢,𝑢)+𝑑(𝐸𝑢,𝑢)

𝑑(𝑆𝑢,𝑢)+𝑑(𝐸𝑢,𝑢)
}

 }                                                        

                 𝑑(𝐸𝑢, 𝑢) ≤ 𝑑(𝑆𝑢, 𝑢) = 𝛼 𝑑(𝐸𝑢, 𝑢) 

This is a contradiction, because 𝛼 < 1. 

So 𝐸𝑢 = 𝑆𝑢 = 𝑢, that is 𝑢 is common fixed point of 

𝐸 𝑎𝑛𝑑 𝑆. Similarly we can prove 𝐹𝑢 = 𝑇𝑢 = 𝑢. So 

𝐸, 𝐹, 𝑇 𝑎𝑛𝑑 𝑆 have common fixed point. 

Uniqueness:  In order to prove that 𝑢 is the unique  

common fixed point of 𝐸, 𝐹, 𝑇𝑎𝑛𝑑 𝑆. If possible let 𝑣 be any 

other common fixed point of , 𝐹, 𝑇 𝑎𝑛𝑑 𝑆  (𝑣 ≠  𝑢). Then 

we have 

𝑑(𝑢, 𝑣) = 𝑑(𝐸𝑢, 𝐹𝑣) 

                                                                 𝑑(𝐸𝑢, 𝐹𝑣) ≤

𝛼 𝑚𝑎𝑥 {
𝑑(𝑆𝑢, 𝑇𝑣), {

𝑑(𝐸𝑢,𝑇𝑣)+𝑑(𝑆𝑢,𝐸𝑢)

𝑑(𝑆𝑢,𝑇𝑣)+𝑑(𝐸𝑢,𝑇𝑣)
} ,

𝑑(𝑆𝑢, 𝐸𝑢), {
𝑑(𝐹𝑣,𝑇𝑣)+𝑑(𝐸𝑢,𝑇𝑣)

𝑑(𝑆𝑢,𝑇𝑣)+𝑑(𝐸𝑢,𝑇𝑣)
}

 }                                                

                                                                      𝑑(𝑢, 𝑣) ≤ 𝛼𝑑(𝑢, 𝑣) 

Which is a contradiction because < 1 . Hence 𝑢 is the a 

unique common fixed point of  𝐸, 𝐹, 𝑇 𝑎𝑛𝑑 𝑆.  

This completes the proof. 
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